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ABSTRACT

We present a conceptually simple and practical tech-
nique which identifies necessary and sufficient condi-
tions for achieving unlimited improvement in the
throughput of a general DSP arithmetic computation
(DAC). For the cases when necessary conditions are
fulfilled, this technique is a basis for an approach
which transforms an arbitrary DAC so that unlimited
parallelism is realized. An important special case, lin-
ear computations, is addressed using a specially tuned
version of the general algorithm so that the introduced
latency and hardware overhead are minimized. The
effectiveness of the new approach is demonstrated on
several real life examples.

1. MOTIVATION AND PRIOR ART

We address the computational concurrency of DSP arith-
metic computations (DACs), computations which are per-
formed on a semi-infinite stream of input data using
additions, subtractions, multiplications, and divisions.
Because of the iteration bound present in recursive DACs,
the throughput for this class of computations is often lim-
ited by technology and processing constraints. Although
several special classes of recursive DACs have been suc-
cessfully transformed so that arbitrarily high sampling
rates can be achieved, a consistent framework for deter-
mining when the application of transformations leads to
unlimited parallelism has not been addressed.

Rapid progress in semiconductor technology, IC design
methodology and CAD tools, removed many of the initial
constraints which imposed area as the primary constraint,
and elevated throughput as the main criterion for design
comparison. Since the mid sixties [Hoc65, Sto73, Kog73],
there have been numerous successful attempts at optimiz-
ing several classes of recursive computations for asymp-
totically unlimited throughput. While the first researchers
concentrated their effort in the field of numerical solutions
of differential equations, and later on for several important
classes of DSP computations (e.g. some classes of adap-
tive linear filters and dynamic programming like computa-
tion such as Viterbi decoders) it has been shown that
arbitrarily high sampling rates can be achieved by restruc-
turing the computations using special sets of transforma-
tions [Gol68, Cha69, Vol70, Bur71, Men87, Mes88,
Parg9, Fet90, Lin91]. Recently, Lin and Messerschmitt
[Lin91] achieved important theoretical results, showing

that an arbitrary finite state machine has unlimited concur-
rency. However, their method is only applicable to sys-
tems with a moderate number of binary states, which
practically rules out its application on even very small
numerical computations. This leaves open the important
question: “which DSP arithmetic computations have struc-
tures suitable for the exploration of unlimited parallel-
ism?”

The major result of this paper is a technique which identi-
fies when a DAC can be transformed so that arbitrarily
high speed-up is possible. For instances of a DAC where
necessary conditions are satisfied, a procedure which
speeds it up is presented. The procedure is built by com-
bining the concept of temporal loop unrolling (known in
the DSP and design literature under a number of different
formulations such as look-ahead, K-slow, recursive dou-
bling and block filtering techniques) with common subex-
pression replication and a well organized set of algebraic
transformations. A more detailed description of the work
presented here can be found in [Pot93].

2. MAIN IDEA

The main idea behind this new procedure for the unlimited
improvement of throughput is conceptually simple, yet
effective. The approach is to build on the top of a combi-
nation of work done in theoretical computer science in the
area of parallel arithmetic computations [Bre74, Mul76,
Val83, Mil87, Mil88, May90] and work which addresses
the use of computational transformations in the compiler
and high level synthesis domain [Pot92]. These results are
combined with loop unfolding techniques, techniques
widely used in the numerical analysis and VLSI DSP com-
munities. For the general case, we use the results of Val-
iant et. al [Val83] and Miller, Ramachandran and Kaltofen
[Mil88, Kal86]. In some cases, the algorithms presented
by Brent [Bre74] and Muller and Preparata [Mul76] are
sufficient and introduce lower hardware overhead. Finally,
for the important case of linear computations we rely on
the recently introduced maximally fast implementation
algorithm [Pot92]. We will concentrate in the rest of the
paper on the restricted case when the DAC is division free.
However, by using either [Kal86] or [Str73], DACs with
divisions can be handled in the same manner. The key
result on which we are basing the new approach is that the
computation of an arbitrarily organized computation of a
polynomial of formal degree d (see next section) which
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uses n operators, can be computed in time O (log n (log n
+ log d)).

From now on, we will refer to those procedures as alge-
braic speed-up procedures. There are two major obstacles
which limit the performance of the algebraic speed-up pro-
cedures when applied to DSP arithmetic computations.
First, DSP computations are normally represented as
directed acyclic graphs (DAGs) with multiple outputs
(often including the states). Second, the algebraic speed-
up procedures will only achieve major improvements for
large values of n, or, in other words, it is important that the
DACsS are as large as possible. Both considerations can be
elegantly and efficiently addressed using computational
transformations.

Common subexpression replication makes it possible to
transform an arbitrary DAG into a tree, where each output
depends only on a partial subset of the inputs and where
fanout to multiple outputs has been eliminated. Common
subexpression replication acts as an enabling transforma-
tion for the application of the speed-up procedures. To cre-
ate large graphs (as is beneficial for the algebraic speed-up
procedures), the time loop is unrolled a number of times.
In this way, arbitrary large graphs and hence speed-ups can
be obtained. This is at the expense of extra hardware. It
will be proven however that the cost increase is controlled
by well defined bounds. The interesting feature of this pro-
cedure is that it can be applied on general DACs, and there
it is a generalization of a previously published technique
[Pot92], which only handles linear computations. For a
special case of linear computation, an additional use of
grouping and pipelining of all primary inputs and comput-
ing them using the Homer scheme results in smaller hard-
ware overhead and better trade-off between latency and
throughput [Pot93].

The presented optimization procedure is illustrated for the
2nd order IR direct form II filter (Figure 1), as shown in
Figures 2-4. Figure 2 shows the initial structure of the fil-
ter. Figure 3 the 2 times unfolded filter and Figure 4 the
structure after the application of common subexpression
replication, followed by the algebraic speed-up procedure.
The critical path of the final implementation is only 3,
although two iterations are performed. Since the initial
critical path equaled 4, the throughput is improved by a
factor of 2.67.

3. MAJOR RESULT

3.1. When does a DAC have an unlimited parallelism
implementation?

An algebraic straight-line program consists of a sequence
of assignment statements executed in a specified order.
The expressions on the right-hand side are expressions
which involve arithmetic operators (+ , - ,* , /) that are
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applied either on an input variable or variable to which
value is assigned in an earlier assignment. Straight-line
programs are often represented as DAGs with a single out-
put node. Since both representations, when only (+, - , *)
are used (when division is also used see [Str73]), compute
some polynomial, the formal degree of a computation rep-
resented as a straight-line program or a DAG is defined as
the degree of the computed polynomial [May90]. Simi-
larly, for each node of the corresponding DAG, the formal
degree can be defined. Note that when a node is + or -, its
degree is equal to the maximum degree of its inputs, when
anode is *, the degree is the product of the degrees of its
input degrees. Theorem 1 states a simple and computation-
ally efficient test to detect whether a given DAC can be
implemented at arbitrarily high speed [Pot93].

Theorem 1: The throughput of a recursive DAC can be
unlimitedly improved if and only if the formal degree of
the N-times unrolled initial iteration is growing at a sub-
linear rate compared to N.

The required testing of the rate of growth of the formal
degree can be easily achieved by analyzing feedback
dependencies of all multiplications [Pot93].

3.2 Algorithms for achieving unlimited parallelism

The Algorithm for the arbitrary speed-up of an arithmetic
DSP computation can be described using the following
pseudo-code:

1. Unfold the basic iteration N times,

2. Organize the arithmetic expression for each output
as a tree using common subexpression replication;

3. Using the algebraic-speed-up procedure, reduce
the critical path of the unfolded expressions for all
outputs;

4. Pipeline all computation outside recursive loops;

5. Minimize the resulting graph using common sub-
expression elimination.

The power of the algorithm is expressed by the following
theorems. The detailed proofs of all theorems can be found
in a technical report [Pot93].

Theorem 2: The throughput of a recursive DAC which
satisfies the conditions from Theorem 1 can be increased
arbitrarily.

Theorem 3: The ratio of the transformed to the initial AT
product grows only as the square of logarithm.

Theorem 4: The proposed algorithm produces the design
which has asymptotically the minimum critical path
among all designs with the same latency.

3.3 Linear Computation
For the important and widely used special case of linear



Before Unfolding:
x; = Inj+a*x,+b*y,

Y= X €))
Out;, = x, +c*x,+d*y,

After Unfolding:
x;=In +a*xy+b*y,  xy=Iny+a*x +b*y,

Y1 = X Y2 =X (b)

Outy = x;+c*xy+d*y, Outy, = x,+c*x; +d*y,
After Transformations:
x, = Iny+a*In; + (a*a+b) xg+a*b*y,
Yy = Inj+a*xg+b*y, ©
Out, = Iny,+ (a+c)In + (a*a+b+c*a+d)x,+ (a*b+c*b)y,

FIGURE 1. Functional dependences for 2nd order IIR filter before and after transformations

FIGURE 2. Second order IIR filter

FIGURE 3. Flow graph of the unfolded IIR filter
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Yy=a*b; Y4=1; Ye=b; w=a*a+b+c*a+d, 7Yig=a+c
FIGURE 4. Flow graph for restructured IIR filter.
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computation, by using the maximally fast implementation
of linear programs in the third step of the new algorithm, a
significant improvement over the previously published
result can be achieved, as illustrated with the following
two theorems [Pot93]:

Theorem 5: The throughput of a recursive linear DAC can
be increased arbitrarily so that the latency increases at the
same rate as the throughput.

Theorem 6: The ratio of the initial and the transformed AT
for a linear DAC is constant,

3.4. Experimental Results

The effectiveness of the procedure is illustrated in Table 1
for two linear examples (51st order FIR filter and 8th order
Avenhaus IIR filter) and two non-linear examples ( a Volt-
erra filter and an Adaptive FIR filter).

Unfolding
Factor Initial | 2 5 10 | 50 | 100
Example
51 FIR 1 146 [ 365 | 73 | 365 | 730
8 Avenhaus 1 3.6 9.0 18 90 | 180
Volterra 1 125 [ 29 | 44 | 18 33
Adaptive FIR 1 39 8.1 15 | 61 | 110

Table 1: The throughput improvement for four examples

4. CONCLUSION

Necessary and sufficient conditions are derived for identi-
fying when an arbitrary DAC can be transformed using
unfolding so that the effective throughput is arbitrarily
high. An efficient algorithm has been presented, which
transforms an arbitrary DSP arithmetic computation which
satisfies the mentioned criteria, so that the throughput of
the transformed implementation is arbitrarily high. From a
theoretical point of view, the importance of the new
approach is in the re-establishment of loop unfolding as a
powerful and general optimization technique. It also opens
new directions for the exploration of loop unfolding by
combining it with other transformations. From the practi-
cal side, since the hardware overhead is bounded and of an
acceptable nature, the approach enables the speed-up of
many real-life DSP numerical computations. For the
important special case of linear computation, the new pro-
cedure results in solutions where the AT product is con-
stant, regardless of speed-up and latency is traded at a
linear rate for throughput.
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