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Analysis of Multidimensional DSP Specifications

Ingrid Verbauwhede, Chris Scheers, and Jan M. Rabaey

Abstract—Data flow languages are a natural and more formal way to
describe the flow of computations in a DSP application. However, when
the language contains extended array constructs, extra data dependency
checks are needed. This correspondence describes a new model to rep-
resent multidimensional arrays and presents several data flow analysis
techniques for multidimensional arrays. Results show very fast running
times (<1 s) for problems of more than 100 nodes.

I. INTRODUCTION

Data flow languages are a convenient way to capture the flow
of computations in a DSP application. It can be described with
freedom of memory side effects, and the inherent parallelism in the
algorithm is explicitly expressed. To ensure locality of effect, data
flow languages adhere to the single assignment property [1]. This
means that a variable may appear on the left side of an assignment
only once within the area of the program in which it is active.

If a data flow language is selected, it requires different data
dependency checks from a compiler, and it has different consequences
for the memory management compared with a procedural language.
In procedural languages, such as C or Fortran, arrays are considered
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objects in memory that are being modified. This mechanism makes
it nearly impossible to avoid side effects in a procedural description.
Side effects are, e.g., modifications of data in a memory location
between a read and a write,or out-of-bounds memory accesses.
Making the data consistent in the memiory is the responsibility of the
programmer. For the compiler, the operations need to be executed in
the order as specified in the input description; hence;, they are called
“procedural,” “sequential,” or “imperative” languages [1]. In a data
flow language, arrays in the language are decoupled from memory
locations. It is the compiler that derives the lifetime of the signals
in the array, the memory allocation, memory assignment, etc. If the
language contains constructs to address individual signals in the array
or parts of the array by means of index expressions, this requires more
complex data dependency checks. :

This fundamental difference has consequences for the data de-
pendency checks. A procedural language has true, anti, and output
dependencies. A data flow language ‘has a single assignment check,
production-consumption check, data dependency check, and a loop
instance check. This is the topic of this correspondence.

For scalar signals, single assignment checking and creating data
dependencies between operations is based on their name. Each scalar
signal has its own name, and when ordering the statements, a
definition of a scalar has to occur before a consumption. To address
this problem for arrays, they need to be considered in exactly the
same way as scalars. For arrays as well, an applicative assignment
creates a unique name to value binding, which is different from a
procedural language where the name to value binding changes.

In this correspondence, the SILAGE language is used to illustrate
the data dependency checks [8]. In SILAGE, arrays are considered
a collection of signals upon which the same or similar operations
are performed. The applicative assignment requires a unique name
for each signal in the array. The usage of loops and arrays is, thus, a
convenient short-hand notation to indicate that operations are repeated
on an array of signals.

A. Functional Languages and Data Dependency Checks

Most functional languages have been designed to expose maximum
parallelism such that the execution of application programs on parallel
machines is improved. Examples are Id [4], EPL [15], SISAL [5],
[6], CRYSTAL [3], and LUCID [14]. Each of these languages
contains data structures to group values into arrays, streams, or lists.
Depending on the type of data structures and the flexibility of creating
and using values in the arrays or lists, different data flow analysis
checks are required from the compiler. Functional languages are also
used for regular array synthesis to expose regularity [2], [11].

Id [4] contains two data types to describe a collection of values:
arrays and lists. Arrays in Id can be built by regions. Each region,
which corresponds to part of the array, is defined by a different
function. To avoid single assignment problems, the programmer has
to write the description in such a way that the regions are disjoint,
while a run time check will flag any errors. In EPL, if two assignments
try to create the same variable, the single assignment is enforced by
generating object code that only executes the first assignment. The
second assignment, which tries to reassign the variable, is ignored
[15]. SISAL [5], [6] is an applicative language that contains 1-
D arrays. Multidimensional arrays are created as arrays of arrays.
Arrays are created by a specific operator that binds the ¢th element
of an array to the ¢th iteration [6]. If an array element is a function
of a previous value of the array, only the values of the previous
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iteration can be accessed (with the “old” operator) [6]. This simplifies
the single assignment and the production consumption check and
makes a gemeral single assignmeni check redundant [S]. LUCID
contains ' (multidimensional) lists to group values [14]. Since it is
" an “intentional” language, accesses. are referred to in a relative way
by using intensional operators such a next, previous, successor etc.

For describing teal-time signal processing applications, graphical
data flow representations are also being used. Examples are the
SIGNAL language and its graphical block diagram representation [10]
and the graphical data flow representation used by PTOLEMY [9].
The synchronous data flow model of PTOLEMY has been extended to
multidimensional streams [9]. A data flow graph consists of a network
of nodes, called actors, which are connected by arcs, carrying the data.
To cach actor, two numbers are assigned that describe the number
of tokens being produced and consumed by the actor on each firing.
To model multidimensional streams, tuples of tokens are assigned,
which represent the number of tokens in each dimension. Tokens are
produced or consumed in a block (all elements at the “same time”).
If individual elements of a block are needed, the designer has to go to
a smaller granularity, e.g., by using a downsampling actor. Because
of this block approach, a single assignment check is redundant. A
production consumption check is replaced by solving the balance
equations, which describe the conditions under which the data flow
diagram is executable. .

SILAGE allows-different assignments to define parts of an array.
It also allows complex index expressions. As a result, a single
assignment check is needed. Second, individual signals in an array
can be accessed at random. Therefore, a production consumption
check is needed. Third, checks are needed to create data dependencies
between productions and consumptions of signals and to check if
these dependencies occur in the same or different loop instances.
Each of these checks is described in this correspodence.

In Section II, the representation of arrays is introduced. In Section
III, the different data dependency checks are discussed. In Section
IV, some results and discussion are presented. Section V contains
the conclusion. ‘

II. REPRESENTATION OF ARRAYS

A data flow graph is commonly used to represent the statements in
a data flow description [1]. There is a one-to-one correspondence
between a data flow description and a -data flow " graph. Nodes
represent operations, and edges represent data dependencies between
operations. To model arrays of signals, production and consumption
nodes are introduced. ’ ]

Definition: An occurrence of an indexed array at the left-hand side
or at the right-hand side of a statement is called a production or a
consumption node, respectively.

This is illustrated on Fig. 1. Because of the single assignment
property, scalar signals have a unique name, and there will be only
one edge in the flow graph with this name, e.g., in Fig, 1(a), there
is only one data edge with the name *“b.” For arrays, however,
several data edges can have the same array name but with different
index ranges. Different statements can define different disjoint parts
of the array or can consume different parts of an array. Each
production statement therefore ends in a production node, and each
consumption starts from a consumption node. Data dependency
analysis will determine the dependencies between the production and
the consumption nodes. This is illustrated in Fig. 1(b).

Definition: To define exactly the index range of a produc-
tion/consumption node, a set of linear equalities and inequalities
is associated to the node. This set of equations defines the subscripts
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Fig. 1. Production and consumption nodes for arrays of signals.

of the node as a function of the loop indices and the time index’

F=Axi+¢ with Bxi+d>D0. 1)
5 is the subscript vector, and 7 is the loop iterator vector that includes
the time index. A, B, %, and d are matrices (capital characters) and
vectors (overlined small characters) of integer values. Individual loop
iterators, which are scalar variables, are denoted with small letters.
The equations, matrices, and vectors used in this text can also
contain subscripts ¢ and p to refer to the index values during
consumption or production. Subscripts are numbered sl or s2,
referring to the first or second subscript, etc. tp and torefer to the
time loop index and ic1,ic2,ip1, ipP2, ctc. to general loop indices.

III. DatrA DEPENDENCY CHECKS FOR ARRAYS

If the single assignment language allows the definition of an
array by more than one assignment, the compiler needs to check
if these definitions do not overlap. This is the single assignment
check. Second, the same flexibility applies to the consumption of
arrays. Several statements can use parts of the array. Therefore, the
compiler has to check that for each signal being used, there are
corresponding production statements. This is called the production
consumption check.

The data dependencies between productions and consumptions
cannot only be based on the name. This would introduce false and
circular dependencies. A more accurate check is needed to create the
data dependencies based on the index expressions. This is called the
data dependency check.

A data dependency check alone is not enough to determine the
sequence of execution for scheduling or topological ordering. It can
result in circular graphs. Edges that cross loop iterations should not
be taken into account for topological ordering. The fourth check
that annotates this information on the dependency edges between
production and consumption nodes is called the loop instance check.

IExpressions in SILAGE denote infinite streams of values. The time loop
is considered the most outer loop surrounding an application program. Time
runs from 0 to co. Hence, this index has no upper bound.
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(1 : 0
begin

ali + 41 = . . .;
end;

10) :: (3 : 0 10)::

Fig. 2. Example of a production node that needs to be compared to itself.

A. Single Assignment Check

If several production nodes define parts of the same array, one has
to check if those definitions do not overlap. This is equivalent to
solving the following problem.

Problem Definition: Is there an integer solutlon for the subscripts
subject to the following set of linear equalities and inequalities, which
describes the intersection of two production nodes?

5= Apy Xip1 = Aps X ip2

- _ : - = 2)
Bpi Xip1 +dp1 20, Bps Xipa+dps >0

with = vector of subscripts, and ip1,ip2 = vector of loop
iterators surrounding production node 1 and node 2, respectively.
If a solution exists to this ILP problem single assignment is violated.
This comparison in pairs is performed between all productlon nodes
of the same array.

Each production node has to be compared not only with the
other production nodes but also with itself. Index expressions can
be such that several index expressions define the same value. This is
illustrated in Fig. 2; the signal [2] is defined three times by the index
tuples: (0,2),(1,1) and (2,0).

Problem Definition: 'Is there an integer solution to the following
ILP problem? It describes the intersection of a. production node and
itself. An extra constraint is added that requires the 1ndex vectors to
be different.

§=Ap1 x ip1 = Ap2 X ip2
+dp1 20, Bpa Xipa+dpz >0 3)

ip1 # ip2-

Bpi X ip1

Because a “not equal” constraint cannot directly be added to an
ILP problem, two ILP problems are solved, where the ipy # ip2
constraint is replaced by two inequality constraints: ip; > ip2 + 1
and ipy > ip1 + 1. If one of the problems has a solution, single
assignment is violated.

B. Production-Consumption Check

Each integer point in a consumption node needs to be covered
by one or more production nodes. Simply taking the intersection
of the production and the consumption nodes does not solve the
problem. We need to know whether integer points of the consumption
node lie outside the production nodes. Therefore, we need to check
the intersection of the consumption node with the inverse of the
production node.

Problem Definition: Taking the 1ntersect10n of two nodes corre-
sponds to solving one system of equations, which is the total of the
constraints of both nodes, i.e., “anding” the constraints, as is indicated
in (4). In (4) and (5), con stands for constraint.

node 1 N node 2
<
A con N7 )
A con Ma). )

(conl; Acon2; A---
A(conlz Acon2g A ---

Checking the intersection of a node—in this case, a consumption
node—and the inverse of a second node—in this case, a production
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CheckProductionsConsumptions(Graph)
for each array,
Jor each ConsNode
IntersectWithComplement (ConsNode, ProdNodeList);

IntersectWithComplement(ConsNode, PmdNodeLtst)
if (ProdNodeList empty)
ERROR: consumption without production,;
else
take first Prodnode from the list;
for each constraint of ProdNode
Problem = ConsNode + inverted constraint;
Solution = ILPSolve(Problem);
if (Solution)
IntersectWithComplement (Solution, ProdNodelList->Next);
else ‘
Problem = ConsNode;
continue;
endfor;
return OK;

Fig. 3. Pseudo code for the production consumption check.

node—results in several systems of equations. Each system corre-

+sponds to the consumption node augmented with one of the inequality

constraints of the production node inverted. This is indicated by the
“or” operation in (5). :
node 1 N node 2
e

Acon Ny )
A con M3)

(conly Acon2; A---
A(conly Acon2y A---
-~
AconMz) Vv SV
A con My). 5)

(conl; Aconly Acon2z A---
{con Ny Aconls Acon2; A---

Solution Approach: If one (or more) of the systems has a solution,
it describes the part(s) of the consumption node, which lies outside the
production node. This new. system has to be.covered by the remaining
production nodes. This process is repeated recursively until the node
is covered or until no production nodes are left. The latter indicates
a violation. The production and consumption nodes are represented
as follows:? ‘

Apxs+dp>0 and Ao x3+dc > 0.
The ith equation to describe the production node is of the form
E;rp Xs+d;p> 0.

Inverting an inequality constraint in a system of integer linear
inequalities consists of inverting the sign of each component and
subtracting one (to obtain, again, a “greater than or equal” equation).
This results in :

—EiTPXE—dip—IZO.

This equation is added to the consumption node description. If
this ILP problem has a solution, the next production node is taken
from the list, and its equations are inverted one by one. The recursive
algorithm for this production-consumption check is given in Fig. 3
and illustrated in Fig. 4. ’ -

2 A subscript notation is used, i.e., all loop iterators and redundant equations
have been removed. :
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Fig. 4. Recursive production-consumption check.

For efficiency reasons, one restriction is applied to this check: The
multiplication constants in the description of the production nocde
have to be 1, —1, or 0. It means that the entries in the Ap matrix of
production node Ap xF+dp > 0 are 1, —1, or 0. The reason is that
a production node with 4p matrix entries different from 1,—1, or 0
does not cover all integer points between the inequality boundaries.
As such, a production. node is a collection of smaller nodes. This is
illustrated in Fig. 5. For the first subscript, the matrix Ap has entries
2 and —2. It describes five sets of integer points: one for s1 equal to

2, 4, 6, 8, and 10, respectively. Inverting the inequality constraints.

degenerates into inverting the inequalities of all the subnodes. The
proposed technique can still be applied but can become inefficient if
the number of nodes grows large. To solve this problem, algebraic
techniques that group the subnodes into larger nodes need to be
applied.

C. Creation of Data Dependencies

The dependencies between productions and consumptions are
created by checking the intersection between a production and a
consumption node, which is similar to the single assignment check
of (2). ‘

Problem Definition: Does there exist an integer solution for the
subscript vector 3 for the following set of linear equalities and
inequalities, which describes the intersection of a production node
and a consumption node?

‘:ApxiponxZ'o

L. - = ©)
Bp xip+dp 20, Bo xic+de 2 0.

If there is a solution, a dependency exists between the production
_ and the consumption node. For each array, a comparison in pairs
between each production node and each consumption node is needed.

This dependency information only describes pure data dependen-
cies. It is used in our compiler to perform topological ordering
between groups of statements that reside in different loop bodies.
If they are independent, they can be executed in parallel. Data-
dependency information is useful but not sufficient for determining
the order of operations. Therefore, control flow information needs to
be added.

D. Loop Instance Check

A legal ordering of the operations, which makes the code ex-
ecutable, is obtained if productions occur before consumptions.
Techniques such as topological ordering or scheduling will perform
this task. However, in general, a production or consumption node

" represents a set of signals. Not all signals in this set have to be
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(L : 1 .. 5)::

(j 1 .. 10):: 20 -1
begln. ' 20|, 15,1550
x[2i](3] = ... 0 1 [5 |-1

end; 0 -1 10

Fig. 5. Production node with corresponding subscript space and set of '
subscript equations.

produced before the first of the consumptions can start. Requiring
that all productions occur before the consumptions can result in cyclic
dependency requirements. To break these cycles in the dependency
graphs, a notion of ordering within the sets of signals, which is
control flow information, has to be imposed onto this data dependency
checking step.

Definition: Control flow is deﬁned as all possible execution paths
[20]. For the execution sequence of the loops, a “standard execution
order” in lexicographical order, is assumed [20]

Statement instance 5(4, j, k) is executed before S(¢', j', k') if
and only if (4,4,k) < (¢',5,%")
where < denotes lexicographic ordering in the set of iteration vectors.
No assumptions are made on the execution sequence of nodes within
the body of a loop.

Problem Definition: To check if an edge needs to be considered

within a loop body, the following ILP problem is solved:

§=AP><ZTp:Ac><zc
Bp xip+dp >0, Bo xic+dc >0 7

imp = img.

The first three equations describe the constraint for a data depen-
dency. The fourth equation requires that the common loop iterators
be equal for the production and consumption node. imp and imc
refer to the common loop iteration vectors. If the above problem has
a solution, it means that production and consumption occur in the
same instance of loop iterators, and the edge needs to be considered
during topological ordering or scheduhng

E. Solution Approach

Previous SILAGE parsers, such as the S2C simulator used in
[16], make use of symbolic enumeration techniques. It consists
of creating a table of boolean values for each amay. Entries in
the table indicate individual signals that have been created. Next,
the algorithm is symbolically executed, which mimics a run-time
execution. During this execution, left-hand side productions are
marked as being produced, and for right-hand side consumptions,
the table is checked if the value has been produced. The symbolic
enumeration technique is robust and can handle even nonlinear index
expressions such as afi * j]. It has the disadvantage that the tables
grow with the sizes of the arrays since each signal has its entry.

The techniques proposed here are based on an ILP formulation.
Compared with a symbolic enumeration approach, this technique is
very efficient. However, it puts some constraints on the expressions
for the nodes. For an ILP approach to be applicable, the equations
need to be linear expressions [20]. Each problem is solved by the
OMEGA ILP solver [12]. These ILP problems do not depend on
the size of the array but depend on the number of constraints to
describe a node or an intersection of nodes. The number of constraints
depends on the dimensions of the array and the number of loops
surrounding the node, which is, in most practical cases, very small.
The OMEGA test makes use of the Fourier—Motzkin elimination
method to solve a system of linear inequalities [13]. In the worst
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TABLE I
RESULTS
Application durbin 128T Ims TSVQ histogram vocoder codec
. time time time time time time
#Problems/ time(ms) | #P (ms) #P (ms) #P . (ms) #P (ms) #P (ms) #P (ms)
#Arrays 6 4 1 10 17 30
#Prod./Cons. nodes 28 20 14 | 10 42 30 52 20 89 70 160 | 210
Single Assign. 24 |20 11110 38 40 |32 |20 72 | 40 98 |70
Prod. - Cons. 128 | 30 31 | 10 128 | 30 140 | 30 368 | 70 326 | .99
Dependency creation 28 | 60 12 | 30 37 90 56 | 130 ‘| 128 | 240 | 194 | 320 ~
with loop instance
func durbin (r : real[N] ) out : real[] = . ] L ] [ 4
: 1 i
begin ———— ‘ ‘ :
y[0][0] = - x[0]; ! 1 1 i
beta[0] = 1; ! alphalke 1 ME "
1
alphal0] = - r[0]; . !
(k : 1 .. N-1) 1: | 1 /! (P)sumpoli] ¢ I
begin . : betakl] ! 1
L
betal[k] = (1 - alphal[k-1)*alphalk-1]) * betalk-1]; i 1 1
sum[0] [k] = r(k]; . |
(i : 0.. k-1) : ylillk-1)
begin . I ©) (% 7 ~:
sum{i+1] [k] = sum([i] (k] + r{k-i-1]*y{i][k-1]; ! sum?n[k] ] | |
end; . : 1 I
alpha(k] = - sum[k][k] / betalk]; i I !
(4 : 0 .. k-1) : ___L_—_—_sum[l][k}l :
begin | ; -+
y[i]l (k] = y[i][k-1] + alphalk]*yl[k-i-1][k-1}; ' sumikIiki(C) (C) betalk] | :
end; ' : } [
vIkl[k] = alphalkl]; T ) Sl
end; f :
(i :0 ..N-1) | * ] |
) . 1 1
beg;nt['l [i] [N-1] T R I :
ut i) = y[i] [N-1]; - 1
- — = ed, hich - alphalk] |
end; : crowToop I @I
end; boundaries l
; . v tiey g i
. . . = m w m edges within 1
Fig. 6. SILAGE code for the Durbin algorithm. same loop §' ,
. instance 1 2 , ° 1
] alphalk] ~, |
. o . . . ® : edges which - , ylnIk] 1
case, with the elimination of each variable, the number of constraints enter or leave © - s (P ——. !
. N . k-loop / e __a
can square in the Fourier-Motzkin method. Our test results agree YIKIKI(P) 7"\ ' |
with the conclusion in [12] that the OMEGA test runs in effective R L_____ K

polynomial time.

IV. RESULTS

The Durbin algorithm is a dedicated algorithm to solve a Toeplitz
system [7]. Its SILAGE description is shown in Fig. 6. Compared
with the description in [7], an extra dimension is added to the y
vector and the sum vector to make it single assignment. However, in
{71, a temporary vector z[] is introduced to avoid that new y values
overwrite old ones while the old ones are still needed. At the end
of the program, the values of z[] are copied back into the y vector.
This kind of memory/storage related attention, which a procedural
description requires from the designer, is not needed in a°design
environment where only the flow of computations is captured by the
language. It is the compiler that will determine the data dependencies
and, hence, the lifetime and storage needs for the algorithm.

The kernel of the algorithin is the & loop. The control/data flow
graph of this loop is shown in Fig. 7. We note that this example
involves triangular matrices since the upper bound of the ¢ loop
depends on the k£ index. Thick dashed lines correspond to dependency
edges between production and consumption nodes, which occur in
the same loop instance. The thin dashed lines indicate dependencies
that cross loop boundaries. These can be ignored for ordering or

Fig. 7. Control/data flow graph representatlon of the k- loop body of the
Durbin algorithm.

scheduling purposes but are used for memory estimation or flow graph
transformations tools [18]. Indeed, the amount of memory needed to
store an array of signals is, in general, much smaller, often orders of
magnitude, than the sizes of the array. For this purpose, dependencies
have to be checked that cross loop boundaries. To estimate the amount
of memory needed between the production and the consumption
nodes, lifetime analysis for signals in the array is performed. This can
also be formulated as an ILP problem. The details of this -approach
are discussed in [18].

The above data-dependency techniques are incorporated in the
front-end SILAGE compiler of the Hyper synthesis environment. The
algorithms are written in C, and tests are run on a SUN Sparc2
workstation. The applications listed in Table I include the Durbin
example of Fig. 6, a 128-taps LMS filter for echo cancellation, a tree
search vector quantizer (TSVQ) with a code book size of 256 words,
a probability density function computation that takes 4096 samples
(histogram), a complete linear predictive coding vocoder (vocoder),
and an encoder/decoder for a digital consumer audio application.
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V. CONCLUSION

When a data flow language is selected to describe DSP applica-
tions, different data dependency checks are needed. This is especially
the case if the language contains array data structures with complex
index expressions. In this correspondence, a representation model
for arrays in a data flow graph is presented. This model is used
for several data dependency checks: a single assignment check, a
production consumption check, a data-dependency check, and a loop
instance check. Each problem is formulated as an ILP problem and
is solved with the Omega test. Tests on large examples have shown
run times of less than 1 s for applications consisting of more than
150 production and consumption nodes.
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