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Maximally and Arbitrarily Fast Implementation of
Linear and Feedback Linear Computations

Miodrag Potkonjak and Jan M. Rabaey

Abstract—By establishing a relationship between the basic prop- 1) if the response to a signalis a signaly, then the re-
erties of linear computations and eight optimizing transformations sponse taux is ay, wherea is an arbitrary number (ho-
(distributivity, associativity, commutativity, inverse and zero ele- mogeneity or séaling property);

ment law, common subexpression replication and elimination, con- 2 ifth d d tivel
stant propagation), a computer-aided design platform is developed ) iftheresponsesto, andu; arey, andys, respectively,

to optimally speed-up an arbitrary instance from this large class of then the response to; + x2 is y1 + y2 (additivity
computations with respect to those transformations. Furthermore, property).
arbitrarily fast implementation of an arbitrary linear computation Linear computations use only addition, subtraction, and mul-

is obtained by adding loop unrolling to the transformations set. . licati ith . | el D
During this process, a novel Horner pipelining scheme is used so tiplication with constants as computational elements. Due to

that the area-time (AT) product is maintained constant, regardless the superposition property (combination of homogeneity and
of achieved speed-up. We also present a generalization of the newadditivity properties) of linear computations [23], it is possible

approach so that an important subclass of nonlinear computations, to treat each output separately, and in the end superimpose
named feedback linear computations, is efficiently, maximally, and - . mpine) them. This makes linear computations particularly
arbitrarily sped-up. . L . .
o _ _ _ amenable for the effective application of transformations. It is
Index Terms—Digital signal processing (DSP), high-level syn- important to note that the definition of additions and multipli-
thesis, Homer scheme, linear computations, throughput, ransfor- - ¢4iqns js not necessarily restricted to their most widespread
mations, very large scale integrated circuit (VLSI) design. S . . . .
connotation in numerical computations, but is related to their
role in algebraically specified structures. So all the results
|. INTRODUCTION presented here are directly applicable to computations on

HROUGHPUT is often one of the most important paramgm“ps where, for example, addition corresponds to max and
T eter of state-of-the art designs. Control and data dep ultiplication to addition [9], or addition corresponds to the

dencies impose fundamental limits on achievable performan ical or and multiplication to the logical and.

Transformations are universally accepted as the most efficient € classification of computation into only two classes, linear

way in overcoming these limitations. and nonlinear, is for many purposes a coarse one. Therefore,

We address throughput optimization using transformatiol |_ntrqduce anew clgss of computatlons, feedback linear. The
and has two major goals. The first is to develop an approach prtlvgnop behind the mtroducuop of the new class of computa-
the maximally fast implementation of several important cIassIalgn,S is directly related to our main goal, to develop a transfor-
of computations with respect to eight important and powerfmat'qn'based approach which W'," for as broad a clqss O.f com-
transformations (associativity, distributivity, commutativity, inJ_DUtatlon as Poss'b'e enable maximally fast and arbitrarily fast
verse element and zero element laws, common subexpreséri]aﬂlememat'ons'

elimination and replication and constant propagation) can be ef_lntumvely, the class of fgedback_ linear computauong encom-
ficiently derived. The second goal is to show how an arbitrarif2SSes all those computations which do not have multiplications

fast (optimal with respect to the eight mentioned transform or divisions) between variables which belong to feedback cy-

tions and the amount of unfolding) hardware efficient impleqles' More formally, feedback linear computations can be de-

mentation for all computations for which maximally fast imple!in€d as those which can be described using:
mentation is achievable, can be produced. We also discuss how
the new approach can be used for an increasingly important de- X[n+1] = AX)[n]) + B(U[n])
sign parameter-power.
We start by summarizing the most relevant assumptions, afhere X [n] is a vector which denotes feedback states (algo-
stractions, and definitions. A linear system [23] is a system rithmic delays),l/[n] is a vector of primary inputs, ant[n]
such that: is a vector representation of primary outputs.is a matrix
whose entries are functions which do not depend on the feed-
. . . __back states([n]. There is no restriction to the functions which
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LMS, direct recursive least square (RLS) adaptive, CholeskyFinally, itis important to note that numerical stability is often
RLS adaptive, QR-RLS adaptive, and Volterra polynomial filgreatly affected by the structure of a particular computation. We
ters. evaluate the impact of the proposed transformations scripts on

Identification of feedback linear computation is simple andumerical stability using the Hyper simulation tools [31] which
can be done rapidly in the worst case quadratic time. The fictmpare in the time and frequency domain the results of simu-
step is the identification of cycles using the standard depth fitation using double-precision floating point implementation and
search algorithm for the labeling of strongly connected corthe specified fixed-point implementation. While in a few cases
ponents [5]. All nontrivial strongly connected components witthere has been either positive or negative minimal impact on
more than one node, belong to cycles. All other nodes do rtbe required wordlength, in a great majority of the designs there
belong to cycles. The second step checks that all operationsvi@re no changes.
cycles are additions, subtractions, and multiplications with ei-
ther constants or with variables which do not have transitive
fanout from some of feedback delays. During the second step,
we assume that all inputs are constants. Standard constant profiransformations alter the structure of a computation in a
agation algorithms can be used for constant propagation [38]ich a way that the user specified input/output relationship is
[31]. maintained. They are widely used for improving implementa-

The assumed computational model is homogeneous syipn of computations in a number of research and development
chronous data flow [18]. The data flow model specifiedomains, including compilers, VLSI design, computer arith-
computation as a set of actors (nodes) which produce sometic, theoretical computer science, logic synthesis, and
number of samples to a subset of nodes only when they cdrigh-level synthesis. The excellent references on the use of
sume some number of samples (tokens) on each of their inpttansformations in compilers is [1]. Therefore, we primarily
The synchronous data flow (SDF) model of computation is@ncentrate our discussion of previous work on the use of
special case of the data flow model of computation in which theansformations in computer-aided design (CAD), VLSI design
number of data samples produced or consumed by each nadd in particular high-level synthesis.
on each invocation is specifiedpriori. The direct ramification =~ Common subexpression elimination is regularly used in many
is that nodes can be scheduled statically at compile time. Thkismpilers and discussed in great detail in the compiler literature
model is widely used in many application domains [digitdgll]. Most often the treatment of common subexpression in com-
signal processing (DSP), video and image processing, guiter research and development is based on value numbering [4]
communications]. Furthermore, there is an available set afid Sethi—-Ullman numbering [33] techniques in peephole opti-
execution units (e.g., adder, multiplier) so that each arithmetitization framework. While the use of common subexpression
or logic operation requires a certain fixed amount of time. Thadimination is widely advocated and practiced in several behav-
goal is to optimize the throughput of a computation using iaral synthesis systems [31], it seems that the only attempt of
set of transformations. The considered set of transformaticagplying common subexpression replication can be attributed
encompasses distributivity, associativity, commutativity, ine Lobo and Pangrle [21].
verse element law, zero element law, common subexpressioihile constant propagation can be solved straightforwardly
elimination, common subexpression replication, and constawitien the computation does not involve conditionals, it can be
propagation [1]. easily shown that the constant propagation problem is unde-

Maximally fast implementation of an algorithm (or linearcidable in general [38]. The standard procedure to address this
computation)is a functionally equivalent computational strucproblem is to use conservative algorithms. Those algorithms do
ture which can be obtained using the stated set of transforrmat guarantee that all constants will be detected, but that each
tions and implemented using the available type of hardwaredata declared constant is indeed constant over all possible exe-
the minimal amount of time. cutions of the program.

Arbitrarily fast implementation of linear computatiolm this Associativity, distributivity, and commutativity are the three
case the set of transformations is enlarged to include retimingst often used algebraic transformations. Most often they are
and pipelining. Suppose that an arbitrary small amount of tinieated under the paradigm of tree-height reduction, although
T is specified. Arbitrary fast implementation of linear compuseveral authors discuss in detail the critical path minimization
tation is a functionally equivalent computational structure to thef general directed acyclic graphs (DAG’s) [21]. Recently, al-
initially specified computation which can be obtained using thgebraic transformations have been generalized to cover other
stated set of transformations and implemented using the availgebraic axioms such as inverse elements (e.g.{b + ¢) =
able type of hardware in the amount of time which is at nffost («—b) —c¢) and were applied with the goal of minimizing design

Efficient implementationSuppose that an initial computa-area under throughput and latency constraints [27].
tion can be implemented using arda under timing constraint ~ Other algebraic transformations are related to other axioms in
(throughput)Z. If the computation is transformed that so thaalgebraic structures, e.g., inverse and zero element law, and their
it can be implemented under timing constralat(7> < 71) potential as optimizing transformations, is in the early stage of
using aread,, the implementation is hardware efficientdf «  exploration. Potkonjak and Rabaey combined power of associa-
T < Ay =17, tivity and inverse element to form a more powerful associativity

Arbitrarily fast hardware efficient implementations effi- transformation [27]. Igbaét al.[13] used the zero inverse ele-
cient implementation under arbitrary strict timing constraints.ment law as part of algebraic speed-up procedure which trans-

Il. PRIOR ART
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forms computations under an arbitrary set of timing constraingsovide arbitrarily fast implementations for various classes
on inputs and outputs using five algebraic transformations. of computations [9], [10], [24], [37]. The new arbitrarily fast

Several high-level synthesis publications discuss many imelution maintains asymptotically the AT product constant and,
portant aspects of pipelining in depth. There is a very close fteence, is more hardware efficient than any of the previously
lationship between retiming and pipelining [30]. Therefore, weroposed techniques. This is achieved using a novel Horner
will restrict our discussion to the retiming problem. When rescheme-based pipelining technique which modifies the well
timing is the only transformation of interest and the goal is tHenow procedure for efficient calculation of polynomials to the
minimization of the critical path, several algorithms designed mew task of hardware efficient pipelining and is by itself an
Leiserson and Saxe provide an optimal solution [19]. When timaportant tool for throughput and hardware optimization.
goal is minimal area or power, the problem has been provento b& he treatment of the problem from a transformation stand-
NP-complete [27]. There is one more important relationship bpeint provides several advantages. For instance, the methods
tween two transformations: pipelining and software pipeliningresented here can be directly applied to the optimization of
[32], [11]. As described in [30], those two transformations regime loops in DSP arithmetic computations as well as control
resent the same computation structure alternation in two dibops in software compilers. Also, it provides for the first time
ferent computational models. While pipelining is applied on an arbitrarily fast implementation for a number of increasingly
semi-infinite stream of incoming data along the time loop, softmportant new computational classes, such as nonlinear poly-
ware pipelining is applied on a finite stream of data along threomial filters. It also indicates that the class of feedback linear
control loop. Loop unfolding (loop unrolling, loop unwinding)computation covers all computations where arbitrary speed-up
is one of those transformations which is regularly used in almastachievable. Finally, the CAD approach to the problem pro-
all optimizing compilers and many high-level synthesis systemi&ies a convenient way that an arbitrary linear or feedback linear
[31]. computation is transformed to maximally and arbitrarily fast

We will conclude our survey of related research by itemizinfiprms automatically. Until now, the state of art techniques re-
transformation techniques which target specific instances aiired a significant creative and development effort for this task,
linear computations. From one standpoint, the work present@ad the resulting structures were regularly reported in journal
here can be described as a wide, implementation-efficigmiblications [24], [9]. The CAD treatment provides a necessary
generalization of work done on the parallelizing linear reculink to the application of the proposed approaches to the opti-
rencex; = a; + z;_1. In the last three decades, variations ofnization of a variety of new tasks. For instance, it enables power
linear recurrences under a variety of names, including paraltebuction by a factor of about 25 times in many linear and feed-
prefix computations, segmented scan, look-ahead, pipelin&ck linear computations [35].
interleaving, and cyclic reduction, found an ubiquitous role in
both theoretical and experimental computing.

In 1963, the fast computation technique for linear recurrenceq| N ew APPROACH IDEA AND INTRODUCTORY EXAMPLES
was used by Ofman to design a fast parallel circuit for the addi-
tion of binary numbers [22]. Since then, a great variety of this Probably the best way to introduce a basic idea is to use
speed-up has been employed to design a variety of arithmedimple, yet nontrivial examples. Fig. 1 shows the control-data
computation structures, including carry-lookahead, carry-saWi@w graph (SDF) of a three-port serial adaptor which is regu-
and Wallace tree multipliers. Ercegovac and Lang recently slaly used in many ladder digital filter structures, such as elliptic
veyed this line of research [7]. wave filters [8]. Since it is often a part of the feedback path of

In 1967, a study of linear recurrence in the theoretical corthe complete filter and, therefore, cannot be pipelined; it usually
puter science community was initiated by Katal [16]. Kung dictates the overall throughput. Its critical path is denoted by the
[17] calculated the bounds on performances and implemensftaded nodes in Fig. 1 and equals seven clock cycles, assuming
tion complexity for parallel prefix circuits. that each operation takes one cycle.

In 1968, the linear recurrences methodology was applied forlteration bound [6] imposes a fundamental limit on the
the first time in the DSP domain [10]. Soon it was applied onlighest throughput which can be achieved using an arbitrary
variety of signal processing problems [3], [37]. More recentlyevel of pipelining and arbitrary retiming. Therefore, when
with the widespread use of VLSI in signal processing, this wokk given computation is a part of a feedback loop, pipelining
was systemized and greatly enhanced, and successfully appéied retiming have limited effectiveness as critical path min-
on several types of infinite impules response (IIR) filters anichization techniques. Applying algebraic transformations
several classes of adaptive filters [9], [20]. In particular, we poifsuch as associativity) will only have limited success. Certain
out work done by Parhi and Messerschmitt which does not orthansformations which could lead to faster implementations
summarize many of previous techniques and reduce their haade originally inhibited; for instance, associativity can only be
ware overhead, but also introduces a number of new applicatapplied when the intermediate variable does not have any extra
domains [24]. Other important related work in the DSP domafanout. Our goal now is to remove all those inhibiting factors
include [9], [14], [15], [25] and [26]. first and, hence, extend the overall search space. This can be

It is instructive and important to compare the new technigwehieved in the following way.
with the related research. The maximally fast implementationFig. 2 shows the same adaptor, however now the nodes which
of linear computation is a widely applicable topic which has nare in transitive fan-in of the outpéi are shaded. In order to
been studied previously. There is a number of techniques whigbrrectly compute this output it is sufficient to take into account
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distributivity (v4 * a1 + v4 * as = 4 * (a1 + a2)). The critical
path is not altered.

If the application allows for the introduction of additional la-
tency, the throughput can be increased even more by extending
the transformational set. To convey the ideas behind the proce-
dure, we will again use a small but real life example, as shown
in Fig. 6. This figure shows the popular second-order IIR filter
direct form Il design, the standard building block in many re-
cursive filters [23]. The filter has two feedback loops, which
prevent the direct usage of pipelining or (time) loop unfolding.
Fig. 7(a) shows the analytical expressions of the computations
to be performed in a single iteration. A single unfolding of time
loop (corresponding to the substitution of one equation into the
next) results in the analytical expression of Fig. 7(b). The SDF
of the unfolded IIR filter is shown in Fig. 8. The advantage of the

. . _ . new structure is that two iterations can be computed simultane-
Fig.1. SDF of athree-port serial adapter: shaded nodes belong to critical p%tﬁ.sly. Unfortunately, the critical path of the unfolded structure

is doubled, therefore, the throughput remains unchanged.

a ) a However, by transforming the graph using common subex-
pression replication, algebraic transformations, and constant
propagation, the equations can be reorganized as shown in
Fig. 7(c). Notice that the graph of Fig. 7(c) has exactly the
same input/output relationship as the initial specification. The
minimal execution time for this graph is only three clock
cycles, which is identical to the critical path of the original
graph of Fig. 6(a). As a result, the throughput has actually been
doubled; two iterations can be performed in the time initially
needed for one. Fig. 9 shows the computational structure of the
unfolded implementation for the number of iterations.

Of course, we can continue with the loop unrolling and the
subsequent reduction of the critical path using algebraic and re-
dundancy manipulation transformations. The crucial observa-
tion is that regardless of the number of times the initial iter-
ation is unfolded, each output will depend on only two initial
Fig. 2. SDF of athree-port serial adapter: shaded nodes denote the set of n@dg¢es and as many inputs as the number of unfoldings. All pri-
on which outpub, depends. . . .

mary inputs are out of feedback cycles and can be arbitrarily

pipelined, so that the outputs depend only on one newly intro-
only this part of the computation. Fig. 3 shows the functionauced pipeline delay. Therefore, the outputs and states of the
dependencies between all output nofieand input nodeg;. unfolded computations will always depend on only three input
To get from the structure of Fig. 1 to the result of Fig. 3, weariables. After organizing all these computations so that all the
have effectively replicated all subexpressions common betwemnltiplications are done in the first cycle, followed by additions
the different output variables and, hence, made the computaganized in a tree format, the critical path will stay unaltered,
tional trees independent.The resulting SDF has only additionkile we process more and more iterations. If the basic iter-
and multiplications with constants as computational nodes. @wion isunfoldedN times, the number of simultaneously pro-
each output is a linear combination (weighted sum) of the inessed samples and throughput will also incredsames. So
puts. Algebraic laws can now be effectively applied to generaa@ arbitrary fast implementation can be achieved by using the
the fastest possible solution. appropriate number of unrollings.

Using this simple algebraic manipulation, followed by the use A natural and interesting question is simultaneous optimiza-
of constant propagation to precompute all input weights, the d&n of latency and throughput when linear computations are
pendencies of Fig. 4 are obtained. The SDF of the restructugatimized. The techniques presented in this paper are used as
computation is presented in Fig. 5. Itis easy to verify that the ra-basis for answering this question, as presented in [34]. Srivas-
lationships between outpuisand inputs:; are unaltered. How- tava and Potkonjak [34] presented a technique which provides
ever, the critical path is reduced to three clock cycles. The argrovably optimal combination of latency and throughput in
of the resulting computational structure can finally be reducedsense that any other feasible implementation of a given linear
by applying common subexpression elimination, distributivitgomputation has either larger latency or smaller throughput. The
and other algebraic transformations without increasing the ciriéchniques presented in this paper still have three important ad-
ical path. For instance, note that wheris computed we can re- vantageous even when both latency and throughput are targeted
duce the required number of multiplications by one by applyirduring design: they are computationally more efficient, they re-
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b, = B;*(a;+a,+ay)+a

by = By*(a;+a, +as) +ay

by = B3*(B*(a; +ay+az) +a +By*(a; +a, +az)+ay+(a) +a,+ay))
Fig. 3. Functional dependencies between output and input nodes for the serial adaptor example.

by = (B + D¥*a +B *ay+ B *a,

by = By*a, +By*a, + (B + *ay

by = B3*(By + By +2)*a; + B3 *(By + By + D)¥a, + B3* (B + By +2)¥ay
Fig. 4. Functional dependencies between output and input nodes for the serial adaptor example after the application of several transformations.

T QY am a3 Y 4% Y a3 Y a7 Y as

(+] (+]
(+) (+)
by b
"w=B+L =B ¥=Bz Y= B3* B+ Ba+2s Y= By * (Bt B2 +2)
Yo=By; Y4=Bx  Y=B2t L Ys= B3 * B+ B+ 1):

Fig. 5. SDF for restructured three-port serial adapter. Note that some of coefficients are 1, for those multiplications are not needed.

We already introduced the critical path minimization algorithm.

It can be formalized with the following pseudocode.

Algorithm for Maximally Fast implementation of Linear

Computations:

1) Express each output node as linear combination of the
input nodes;

2) Group and then pipeline all primary inputs, so that each
output (either primary or algorithmic delay) depend on
only one new pipeline delay;

3) Arrange the SDF for computing each output node using
the fastest tree structure;

4) Minimize the number of operation in trees by sharing
common subexpressions in trees for different outputs.

The first step of the algorithm uses common subexpression

replication as the enabling transformation for the critical path

Due to dramatic improvements in silicon technology, desigiinimization, which is conducted during the third step. The
for minimal area has become less stringent in recent years. EygRtionship between an output node and the input nodes can
when the goal by itself is not sheer performance, it is often age obtained in polynomial time using dynamic programming.
vantageous to have an option for improving the speed of desigh even simpler and more elegant approach can be built for

Although the primary goal of the proposed algorithms is to maxhis task by exploring the properties of linear computations. We

imize throughput, several additional factors cannot be ignor%sign a set of proper values to the input nodes and Compute

Among them is the area of design, which is treated as the s@fe values of the output nodes in the SDF. In order to figure out

ondary cost in the analysis. In this section we will present thgw all output nodes depend on one particular input node, we

Fig. 6. Second-order IIR filter.

sult in more efficient implementations and they can be general-
ized to a wide class of computations.

IV. OPTIMIZING LINEAR SYSTEMS

following three algorithms. will utilize the fact that there is a linear relationship between
1) Maximally fastimplementation of linear computationgach input and output node in the following way. First, the
under latency constraints. value one is assigned to this input node and the value zero to

2) Arbitrarily fastimplementation of linear computationsall other inputs nodes.
3) For minimization of the number of multiplications and The second step, pipelining of primary inputs, is an enabling
additions in linear computations. transformation which greatly reduces the influence of primary
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First Iteration:
x; =1In +a*xy+b¥y,
¥y = X (a)
Out; = x| +c*xy+d*y,
Second Iteration:
Xy = Iny+a*x +b*y,
Yy =X (b)
Outy = xy+c*x +d*y,
After Unrolling and Algebraic Transformations:
Xy = Iny+a*lng +(a*a+b)xy+a*b*y,

vy = Inj +a*xy+b¥y, (c)
Oufl = [n1 +(a+c)x0+ (b+d),,V0

Outy = Iny +(a+c)ln; +(a*a+b+c*a+d)xy+(a*b+c*b)y,

Fig. 7. Functional dependencies for second-order IIR filter: (a) and (b) first two iterations before and (c) after unfolding.

Fig. 8. SDF of the unfolded second-order direct form-II lIR filter.

inputs. If the SDF has only one primary input and all outputsecondary goal, area. From the above analysis, it can be easily
have a weight one in the linear dependency equations whidérived that the run-time of the algorithm is at most quadratic
express the relationship between the outputs and this input, tihethe number of nodes.
this step can be skipped. This step is the most effective when th&heorem 1 establishes the important property that the
design has a large number of primary inputs and relatively favansformed design, as obtained from the proposed algorithm
algorithmic delays in feedback cycles. using the set of all algebraic transformations, common subex-
The third step is the well-known transformation from chain gfression replication and elimination, constant propagation,
additions to binary tree structure using associativity, which oftemd pipelining, is the fastest possible. The faciérused in
sharply reduces critical path. The last step does not influence the formulation, denotes the number of delays in feedback
length of the critical path. It is used for the optimization of theycles.
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Fig. 9. Computational structure of the unfolded and restructured Implementation of the second-order IIR filter. Crossed edges denote pgséimisgof p
delays.

Theorem 1: Given a computational graph of a linear comimplementation of linear computations, so that the SDF depen-
putation, the fastest implementation (obtained using only alggencies can be expressed in the following form:
braic transformations, common subexpression elimination and
replication, constant propagation, and pipelining of primary in- Xn+1]=AxX[n]+BxUn] @1
puts) uses at leaglog V + 1] computational levels. Therefore,
the implementation provided by the proposed algorithm is max-Sign @ denotes the introduction of pipeline stages. All four
imally fast. matricesA, B, C, andD have only constants as entries. The part

Proof: We can draw this conclusion by observing that i®f SDF for computing primary outputs, outside of cycles, can

order to compute a particular output using two input function&€ pipelined. Therefore, the throughput is dictated only by ma-
elements, we need at ledst; IV levels of computational ele- trix A. Similarly, as the common subexpression replication was
ments, since at each level the number of fan-ins is reduced b§r@bling transformation for maximally fast implementation of
factor of 2. We need one more level for multiplications by cor@ linear computation, in order to achieve arbitrarily fast imple-
stants. The proposed algorithm reaches this lower bound. mentation itis necessary to initially apply the enabling transfor-

When in addition to the above set of transformationsy othg}ation. For this task we will use time |00p unfolding. Note that
transformations such as retiming are allowed, the speed V& not only need to compute all the corresponding outputs, but
the final implementation can be even further improved. F&sO a new state, so that the computations can be correctly con-
instance, retiming combined with other transformations cdtued when anew set of input data arrives. The key observation,
be used to minimize the maximum number of algorithmighich directly leads to the conclusion that the arbitrary speed-up
delay inputs on which an output depends. Currently, we use fiéeasible, is that each output and all delays depend only linearly
probabilistic sampling algorithm [27] for this complex task. 1©n the delays and inputs. The application of the maximally fast
is important to note that in some cases further improveme@gorithm on the set of equations directly indicates that regard-
are achievable if a large set of transformation is simultaneous$ps of the how many iterations we implement simultaneously,
considered. For example, it has been demonstrated [14] h#ig critical path of the unfolded and transformed structure is not
the constant/expression factoring can be used an ascent/steeiged. Therefore, an efficient algorithm for arbitrarily fast im-
descent search for additional area and power optimization e¢mentation of linear computations problem can be described
SDF. using the following pseudocode:

When the introduction of additional latency is allowed, we Algorithm for Arbitrarily Fast implementation of Linear
can additionally reduce the critical path by trading latency fé¢omputations:
throughput. In this subsection, we will show how the algorithm 1) Retime data control flowgraph so that the number of
presented in the previous subsection, can be used as a starting  delay elements in the SDF is minimized or the max-

point for developing an efficient technique for the arbitrary imum number of inputs on which some output depends

speedup of linear computation within the limitations of physical is minimized,;

wiring and internal transistor switching. 2) Unfold the basic body of the iteratiaM times (as dic-
We start by observing that an arbitrary linear computation can tated by latency, hardware or other user-defined con-

be readily transformed, using the algorithm for maximally fast straints).
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’_‘"<
|

= CX,+DU,
CAX,+C(BU)+DU,

3) Using the algorithm for maximally fast implementation
of linear computations, minimize the critical path in the Y,
unfolded structure.

. o Yy = CA2X, +CABU,+CBU,+DU,
After the unfolding of the basic iteration by the factt each )
output in the transformed SDF will linearly depend on some of
the inputs inV iterations and one pipeline delay. Of course, itis )
Y, = CA"~1X, + C(A( N+DU,

advantageous for the eventual throughput if the outputs (either 1

primary outputs or delays) deper_1d on as few as pos_5|ble IanEJS 10. Application of generalized Horner scheme on the arbitrarily fast

from delays. We propose two different preprocessing optiofgplementation of an arbitrary linear computation.

for this tasks. The first is a restricted, sometimes suboptimal,

strategy where only retiming is considered. This approachiiiplementation of linear program is constant for an arbitrary

associated with the optimization problem which can be solv@gtoughput improvement.

in polynomial time optimally. The second strategy is globally  proof: The proof is constructive. It is based on the novel

more optimal. use of Horner’s rule for polynomial evaluation. The rule rear-
The first alternative is based on the premise that if the numb@hges the computation of aith degree polynomial

of delays is minimized the chances for a high-quality solution are

increased. The number of delays can be reduced using retiming(z) = w,z" + t,—12" " + -+ + w1z + uo, Up # 0

This step (retiming for the minimization of the number ofdelays?) . )

can be solved iD(|E2log|V| + |V||E|log?|V]) time by © the following form:

redu_cing the prgblem tq the minimum-costproblem and solving W) = (- (UnZ + Un-1)T + )T + 0.

it using the Orlin algorithm [19] (wherg/| is the number of

operational elements, ahfl| is the number of edges inthe SDF).Therefore, an arbitrary polynomial can be computed using at

Since the number of edges is linear to the number of nodes, thestrn additions anch multiplications.

running time is essentially quadratic. Sometimes, even betterA simple analysis shows that direct implementation of the tar-

results (solutions with fewer delays) can be obtained if the powgeted linear computation after the application of the algorithm

of retiming is combined with algebraic and other transformgresented in this subsection causes the resources to grow at a

tions. However in this case the optimization problem becomgeadratic pace, as the function of the number of unfoldings. We

more computationally difficult, and no polynomial complexityapply the key idea from Horner's scheme, on the part of the com-

algorithm using transformations is available. We again use fputation used to compute the influence of primary inputs, so that

this case the probabilistic sampling algorithm [27]. Note that thkis overhead is reduced to linear increase. The resulting struc-

run-time of the algorithm is dominated by this step. ture is shown in Fig. 10 using the functional dependency form.
The second alternative to this preprocessing step is based\mte that we can add to this computational structure as many

the following observation. Each output after an arbitrarily larggipeline delays as requested. Also note that with any additional

number of unfolding will depend only on delays which are itevel of unfolding only the constant amount of computation is

the transitive fanout of that delay. The transitive fanout has &lded: what is within a constant factor equal to how much more

be taken over several time frames (iterations). Restructuringaafmputation is needed if the new speed-up algorithm is not ap-

the targeted SDF using a variety of transformations so that thiéed. Therefore, thelT” product is constant.

maximum number of delays on which any of the outputs dependTheorem 3: When the set of transformations is restricted

is a complex optimization problem. Since, even the computatitm algebraic transformations, loop unfolding, pipelining, and

of the objective function takes significant time in this problenredundancy manipulation techniques, the arbitrarily fast algo-

we are currently using the first alternative. rithm produces designs with the highest throughput for a given
The second step, unfolding of the initial iteration over thiatency.

time loop, is straightforward and no optimization is involved.  Proof: Once again the proof can be easily established by

The final step is the direct application of the algorithm describaxbserving that eventually every output will depend on one algo-

in the previous subsection. So we can conclude that the run tintemic delay used to pipeline all primary inputs and all delays

of the algorithm for arbitrarily fast implementation of lineaiin its transitive fanout. Using the same limited fanin argument

computation is also quadratic. as in Theorem 1, the correctness of the theorem can be easily
Although three types of lower bounds on the area and time established. Q.E.D.

VLSI designs have been proposet, A7"andA7?), almost all While targeting speed as a primary goal, keeping the overall

strong lower bounds that do match the best circuits which canéa of the design as small as possible is definitely important as

constructed are lower bounds on the prodd@? [36]. We will  well. The additional use of common subexpression elimination,

conclude this subsection with two theorems which clearly indilistributivity, commutativity, and reduction in strength, can re-

cate effectiveness and efficiency of the algorithm for arbitrarilguce the number of multiplications and additions/subtractions

fast implementation of linear computations. The first theoresignificantly. As a result, the final implementation often does

states that not jusi7? product, but alsoi7” product is main- not have only high throughput, but also small area. An addi-

tained, regardless of the requested speed-up. tional benefit is that by reducing the number of operations, we
Theorem 2: The ratio of the initial and the finall Z” product also often reduce the number of switching events. Therefore, the

of the designs produced using the algorithm arbitrarily fastgorithms presented in this subsection significantly enhance the
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. TABLE |
FUNCTIONAL DEPENDENCESBETWEEN
INPUTS AND OUTPUTS FORFifth-ORDER ELLIPTICAL FILTER
il i2 i3 i4 15 1g i7 is

01 1 0 0 0 0 0 0 0

0, 126 125 | 112 56 0 0 56 56

03 160 160 | 152 80 9 0 80 80

04 7 7 7 6 0] 0 7 7

03 140 140 | 133 70 8 0 70 70

0g 144 144 | 144 144 0 9 232 240

07 162 162 | 162 162 0 10 261 270

og 150 150 | 150 150 | 0 0 250 269

09 135 135 | 135 135 0 0 225 243
multiplications, because they are significantly more expensive
than the additions for fixed-point computations which dominate
the application domain of linear computations.

oy o, oy o oy oy owy oy ou The algorithm first applies distributivity on all input variables
for computing each output, so that as many multiplications with
the same constants are eliminated. For example, during the com-
putation ofoy the application of distributivity, augmented with
o _ . o commutativity,(os = 140 i1 + 1402 + 133 %43+ 70% iy +
application domain of maximally fast and arbitrarily fast teChg*,L‘5 +70%d7 4+ 70+ ig = 140 # (i1 +42) + 133 w45 + 70+ (i4 +
niques and makes them an attractive option for producing arga, ;. 4+ 8 i) reduces the number of multiplications by four.
and power competitive designs. The next step is the reduction of multiplication based on

We will use a fifth-order wave digital elliptical filter as @Nexploring common subexpression elimination. The algorithm
illustrative example to introduce both the problem formulatiop,qks for all variables which are weighted by the same coeffi-
and the algorithm for solving this new optimization task. Fig. 1dient in different outputs. Obviously, it is sufficient to compute
shows the computational graph of this popular benchmagke product of those input variables with those coefficients only
There are eight inputs for one iteration of the filter (seven delayg,ce In the demonstration example, the previous step by itself
and one primary input;) and eight outputs (seven delaysjoes not reduce number of multiplications.
and one primary outputo). The entries in Table | show the  The third step is the application of reduction in strength [1].
functional dependencies between outputs and inputs (asSUNiEuction in strength is a popular compiler transformation
that constant weighting factors for multiplications 5, 20, 8, 24ynjch substitutes a more expensive operation with a less expen-
11, 16, 28, and 32 (see Fig. 6) are set to the values of 2, 3sfe one. Most often multiplications are replaced by additions.
5,6, 7,8, and 9, respective)y Table | and Fig. 11 show for \we apply reduction in strength in two phases. In the first phase,
each outpu®; the inputs/; on which it depends. By counting 5| variables which are multiplied by pairs of constants of type
those dependencies, we can conclude that 47 multiplicati%§c + 1), wherec is an arbitrary constant in various linear
and 39 additions are needed. A few multiplications can B@mbinations which are targeted. There are three such cases in
eliminated, as they represent algebraic identities. For instangg fifth-order filter (i5 in o3 andos; ig in 0 andor, andis
mult_iplica_ltions with constant 1 can be eliminated by invoking, or andog). We trade one multiplication for one addition by
the identity element law. replacing computations int= ¢ x i; and int = (¢ + 1)i; by

Fig. 12 shows the same functional dependencies after the gf§: — .+, and int = int; +1. In the second phase we identify
plication of distributivity for all inputs, which are multiplied pairs of computations used for computing any single output of
with the same coefficient in the final implementation. Also NOtg/peciy, +(c+1)i; and replace it by (ix +i;)+i;. Again,
that several intermediate sums (e:g+ iz +43 +44 inthe out- e trade one multiplication for one addition. One instance of
putsos, o7, andog) are the same and have to be computed onflfis tradeoff iso,. Here, subexpressiani26 = iy + 125 x i) is
once by invoking common subexpression elimination. replaced byl 25 (i1 + i) +4; and, therefore, we replaced one

Those two observations form a basis for a relatively simplgytiplication with one addition. Note that the effectiveness of
yet effective and efficient algorithm which first minimizes thestrength reduction can vary a lot depending on a particular set
number of multiplications using distributivity for each outputgf coefficients in a linear or feedback-linear computation.
and then uses common subexpression elimination on the interrhe final step is the minimization of the number of additions
mediate result for the different outputs. The algorithm signif'using common subexpression elimination. Note, for example,
cantly reduces the number of operations in the transformed gt the expressioti; + iz + i3 + 44) is used in calculation
sign. We target primarily the minimization of the number ohf o; .. andos. It is, of course, sufficient to calculate it only

IThose values were chosen for the sake of demonstration only and have}-€- Also note that during th? Comquat'onOQt o3, andos
physical meaning. it is advantageous to form an intermediate result- i + is,

Fig. 11. Fifth order elliptical wave digital filter. Rectangles denote two cycl
long multiplications, circles denote unit cycle additions.
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oy =1 *iy;

0y =126 % iy + 125 % iy + 112 % i3 + 56 * iy + 56 * i; + 56 * ig;

03= 160 * ij + 160 # iy + 152 * iy + 80 * iy + 9 * i + 80 * i7 + 80 * ig;

0 =T7* | +T* i +T*ig+6*iyu+7*i7+7 *ig;

05= 140 * ij + 140 # iy + 133 * i3 + 70 * iy + 8 * is + 70 * i7 + 70 * ig;

06 = 144 # i) + 144 % iy + 144 * iy + 144 % iy + 9 * i + 232 * iy + 240 * ig;

07= 162 % i) + 162 % iy + 162 * iy + 162 * iy + 10 * ig + 261 * i7 + 270 * ig;

0g = 150 *i; + 150 * iy + 150 * iy + 150 * iy + 250 * i7 + 269 * ig

09 = 135 %) + 135 # iy + 135 * iy + 135 * iy + 225 * i + 243 * ig

Fig. 12. Functional dependencies of the fifth-order elliptical wave digital filter.

My, =1 +1y;

IMyysg = I +iggs

Mgz = Ig ¥ 1783

img, = zm5+l;
img, = zm6+l;

img, = img+1;

Uy = My, + 1;

imyy = iz+iy;
iMmgg =iy +ig;
img =8 *i g;
img = 9 *ig;
img = 269 *ig;

imps,, = 125 *im,;

Oy = impy+ 112 Fig+56 *imqg;
O3 = 160 *imy,+152 *iy+80 *imyq +ims.;
Oy =7 *imypyy +imag) — iy

Os = 140 *im,+ 133 *iy + 70 Fimyq + ims;
Oy = 144 *im pyy +img+232 *iy+240 *img:
Oy = 162 *im yp, +img +261 *iy+img;

Og = 150 *im y3,+250 ¥is+img;

Oy = 135 *imyy, +225 *iy+243 *img;

Fig. 13. The SDF of the fifth-order elliptical wave digital filter after the application of the maximally fast procedure and the procedure fonttieationi of
the number of operations.

while whenog, o7, andog are computed the most suitable in-
termediate result i, + 2 + i3 + 4. SO, in the general case it

4) Minimize the number of additions using multiple con-
stant multiplication algorithm [28].

is not clear which intermediate sums to form so that the numbﬂﬁe Computationa| Comp|exity of the a|gorithm is dominated
of additions is minimized. This observation indicates that th; Step 4. For this step, we use the MCM algorithm [28] which
minimization of the number of addition in the fast implementaygs quadratic complexity. After the application of each step of
tions of linear computation is an involved optimization problemhe algorithm for minimization of the number of operation, the
We use for this task the recently developed iterative pairwigngth of the resulting critical path is calculated, and the trans-
matching algorithm for the minimization of the number of adformation is revoked if the new critical path exceed the initial
ditions in multiple constant multiplications [28].
So, the algorithm for the minimization of the number of mulnjques.
tip”C&tiOﬂS and additions in linear maX|maIIy fast or arbitrarily Fig. 13 shows the final SDF for efficient calculation of the
fast computations can be expressed using the following ps@yaximally fast fifth-order elliptical wave digital filter. For the

docode.

Algorithm for Minimization of the Number of Operations:

critical path achieved using arbitrarily or maximally fast tech-

fifth-order elliptical filter example, only 23 multiplications and

29 additions are finally needed for a critical path of five cycles

1) Minimize the number of multiplications within each(assuming that a multiplication takes two cycles). The original
output by applying distributivity.
2) Minimize the number of multiplications by usinghas a critical path of 17 cycles. Both the number of additions
common subexpression elimination targeting inpwtnd the number of multiplication increased but at a slower rate
variables weighted by the same factors for calculatidhen the reduction in the critical path. Therefore, although our

of the same output.

implementation uses eight multiplications and 26 additions and

primary goal was the throughput, bati#” and A7 products

3) Substitute multiplication for addition using strength reare improved for this example. When the available time is 12

duction and common subexpression elimination.

cycles, the proposed computational graph needs only four mul-
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tipliers and three adders, which is three adders less than in th&heorem 4:Given a computational graph of a feedback
previously best published implementation [21] for this examplénhear computation, the fastest implementation of this compu-
There is one more simple, but often effective optimizatiotation (obtained using only algebraic transformations, common
step which does not alter the number of operations, but ofteabexpression elimination and replication, constant propaga-
significantly reduces the number of execution units in the finéibn, and pipelining of primary inputs) uses at lekgg NV + 1
solution of fast implementations of linear computations. It isomputational levels and is provided by the algorithm presented
based on the observation that in both maximally fast and arim-Section IV-A.
trarily fast implementations, all multiplications are bound to be Theorem 5: The ratio of the initial and the finadZ™? product
scheduled at the beginning of an iteration, and all additions arkthe designs produced using the algorithm arbitrarily fast im-
bound to be scheduled at the end of the iteration. For the opgoéementation of feedback linear program is constant for an ar-
tions in the feedback cycles often there is no room for propemjtrary throughput improvement.
spreading operation of the same type through time, which is aTheorem 6: The ratio of the initial and the finalZ” product
prerequisite for high resource utilization of execution units [290f the designs produced using the algorithm arbitrarily fast im-
However, for all operations which are out of the feedback cyclegementation of constant feedback linear program is constant
(i.e., those which depend only on the primary outputs and thdee an arbitrary throughput improvement.
which are used for the calculation of the primary outputs), the Of course, the last two theorems are correct only for large
application of pipelining always ensures an arbitrary positionimgumber of unfoldings. Even then the intractability of physical
of operations within the iteration. designs problems and imperfections of used models and syn-
thesis tools will have some (sometimes large) impact. Proof of
the last theorem can be readily established by noting that in this

case matrixA™ can be precomputed using constant propagation
In this section we present how the fast throughput techniqugghniques.

from the previous section can be applied, with minor modifi-
cations, so that any computation which belongs to a wide and
important class of feedback linear computations can be trans- VI. EXPERIMENTAL RESULTS

formed so that its throughput is maximally increased. The mod-1p,o algorithms presented here, except for optional prepro-

ifications are based a simple, but far reaching observations & ing retiming and postprocessing minimization of the number
one WeIITkan result from theoretical computer_smencg. TQﬁ used operation steps, are of polynomial complexity (actually
observation is that the proper approach to effective applicatigfyst often quadratic) and guarantee the optimal solutions. So
of transformations has as the first step the identification of bqfe major question is not the validation of algorithms, but how
tlenecks in the computational structure which cannot be handieg, -1, improvement can be achieved using the concept and CAD
easily. When the target is throughput, the only possible bottigs nework and whatis the associated hardware overhead.

necks are feedback cycles. Recall that all operations out of feedThe critical path before and after the application of the

back cycles can always be readily pipelined to any requestgdl orithm for the maximally fast implementation of linear com-

level. ) o _putations on a number of benchmarks is shown in Table 1. The
All theoretical and algorithmic results from the previougyamples are: matl-3 state GE controller, lind—5 state GE con-

section can be easily adapted for the feedback linear system. fager, steam-—steam power controller, chemical—chemical plant

only difference is that while previously we treatéd3, . and  conroller, dist-distillation plant controller; 5lIR—fifth-order

D as matrices with constant entries, now they represent vecifiitical wave digital filter, 7IlR-seventh-order IIR cascade

operators. Itis important to note that the new semantic meanifgh,  gj|R—eighth-order Avenhaus filter, 11—eleventh-order

associated with the four matrices has a limited, but significafjy chebishev filter. 121IR—twelfth-order Butterworth filter
impact on hardware overhead. The entries of operdeme now 1 g)|R_gjghteenth-order IR filter, 221IR—twenty-second-order
symbolicexpressionsand, therefore, constant propagation caniRtfiiter, and DAC-NEC digital-to-analog converter. The av-
be applied in general case. Therefore, each additional appllcatéqgge and median improvementin throughput are by factors 3.92

ofoperatord, inducesintheworstcase quadraticoverhead. 542 45, while the average and median increase in area are by
Before finishing this section by stating three main theorems.iors 2. 60and 1.75 respectively.

about the throughput of an arbitrary feedback linear compu-the same example was applied on four feedback linear ex-
tation, we introduce a definition of constant feedback linegjnyjes: two nonlinear fixed coefficients Volterra filters and two

computations. Informally, constant feedback linear computggs adaptive filters. For this group of examples, the average
tions are feedback linear computations which have only addizy median improvement in throughput are 4.25 and 4.00 times,

tions, subtractions, and constant multiplications in feedback Qynije the average and median increase in area are 2.58 and 2.50
cles. A more formal definition is that constant feedback compyjr, e respectively (Table I11).

tations are computations which can be represented in form 1,9 examples, lin4 and fourth-order LMS adaptive filter

were studied for analysis of arbitrarily fast algorithm. The
X[n+1=AxX[n]+ Bx*(Un]) behavior of the two examples was drastically different. While
for the linear computation example, overhead in both power
While Matrix A has only constants as entries, there are ramd area were modest, the feedback linear example experienced
restrictions on matrice®, C, and D. very high area overhead. For example, when the throughput of

V. OPTIMIZING FEEDBACK LINEAR COMPUTATIONS
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TABLE I
FAST IMPLEMENTATION OF LINEAR DESIGNS ICP/FCP—NITIAL /FINAL CRITICAL PATH; IFCP—ICP/FCP RTIO; IA/FA—I NITIAL /FINAL AREA;
FIA—IA/FA RATIO; IFAT—RATIO OF THE INITIAL AND THE FINAL AT PRODUCT

Design (0} 4 FCP | IFCP 1A FIA ATFA IFAT
matl 5 3 1.67 6.62 7.96 1.20 1.39
lin4 6 4 1.50 13.01 15.98 1.23 1.22
steam 7 4 1.75 27.01 46.75 1.73 1.01
dist 7 4 1.75 12.18 13.47 1.11 1.58
chemical 6 3 2.00 14.97 25.56 1.71 1.17
SWDF 17 5 3.40 21.92 81.55 3.72 091
7IIR 10 4 2.50 27.11 42.58 1.57 1.59
8IIR 11 5 220 29.25 49.90 1.71 1.29
10IIR 12 5 240 31.31 55.42 1.77 1.36
11IIR 17 5 3.40 36.50 66.26 1.82 1.87
12IIR 20 5 4.00 49.27 172.45 3.50 1.14
18IIR 29 6 4.83 56.60 233.97 4.13 1.17
221IR 25 6 4.17 69.81 238.01 3.40 1.23
DAC 58 3 19.33 5.48 42.99 7.84 247

TABLE Il
FAST IMPLEMENTATION OF NON-LINEAR DESIGNS ICP/FCP—NITIAL /FINAL CRITICAL PATH; IFCP—ICP/FCP RTIO; IA/FA—INITIAL /FINAL AREA;
FIA—IA/FA RATIO; IFAT—RATIO OF THE INITIAL AND THE FINAL AT PRODUCT

Design ICP FCP IFCP 1A FA FIA | IFAT
2 Volterra 12 2 6.00 28.86 94.01 3.26 1.84
Volterra 8 2 4.00 27.86 55.21 1.98 | 2.02
4 LMS 12 4 3.00 55.75 | 13497 | 242 1.24
8§ LMS 20 5 4.00 111.15 | 298.03 | 2.68 1.49

TABLE IV
APPLICATION OF ARBITRARILY FAST PROCEDURE ONFIFTH-ORDER LINEAR CONTROLLER: CP—BEFFECTIVE CRITICAL PATH FOR ONE ITERATION;
ENERGY—ENERGY AT 5-V PER SAMPLE; ENERGYS—ENERGY AT SCALED VOLTAGE PER SAMPLE; CPR,AREAR, ENERGYR, ENERGYSR—RATIO BETWEEN
INITIAL AND FINAL CRITICAL PATH, AREA, ENERGY AT 5V, AND ENERGY AT THE SCALED VOLTAGE PER SAMPLE, RESPECTIVELY. THE COLUMNS REPRESENT
INITIAL DESIGN AND DESIGNSAFTER APPLICATION OFn TIMES UNFOLDED ARBITRARILY FAST PROCEDURE

Parameter In Al A2 A3 A4 AS A6 A7 A8 A9 Al0
CP 6 4 2 1.33 I 0.80 0.67 0.57 0.50 0.44 0.40
Area 13.0 16.0 21.2 26.6 30.6 333 358 404 48.2 50.9 60.3
Energy 55.7 63.2 67.8 110 120 141 149 167 190 212 253
EnergyS 55.7 27.5 12.0 13.8 12.3 12.7 12.3 12.5 13.5 14.0 15.7
CPR 1.00 1.50 3.00 4.50 6.00 7.50 9.00 10.5 12.0 135 15.0
AreaR 1.00 1.23 1.63 2.05 2.35 2.56 2.75 3.11 371 377 4.64
EnergyR 1.00 1.13 1.22 1.97 2.15 2.53 2.68 3.00 3.41 3.81 4.54
EnergySR 1.00 0.49 0.22 0.25 0.22 0.23 0.22 0.22 0.24 0.25 0.28

the fifth-order controller was increased 15 times, area increasbd effective capacitance increased at an even higher pace.
only 4.6 times, and the used energy per sample increased dnhgrestingly, still it was advantageous to apply voltage scaling,
4.5 times. If we utilize the increase in throughput to reduand trade improved throughput for energy saving.

lower supply voltage, then Table IV indicates that power can Note that if a goal is area or power minimization for a given
be reduced by a factor of almost five. All power estimates indihroughput, the proposed technique are not necessarily optimal.
cates that power can be reduced by a factor of almost five. Abr further discussion on area and power minimization using
power estimates were obtained using the statistical Hyper-ti@ansformations, recommended references include [12].

power model, which takes into account all components of both
datapath and control path, including execution units, registers,
interconnect, and control logic [2]. However, for the feedback
linear example (Table V) the area overhead was more tharlJsing the relationship between the superposition property for
12 times when throughput is increased six times. Similarljnear computations and the set of optimizing transformations,

VII. CONCLUSION
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