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Overview:

� Introduction to Digital Ladder Filters (DLF's).

� Design of ladder DLF's.

� Analysis of ladder DLF's.

� Design and analysis of allpass and lattice DLF's.

� Implementation aspects of lattice DLF's.

� Computationally fast lattice DLF's.

� Proof of over
ow stability for lattice DLF's.

� Quantization noise comparison of lattice WDF's and DLF's.
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Introduction:

Digital �lter design using passive prototypes is well known:

� Wave digital �lters (WDF's) by Fettweis et al:

Voltage and current waves of analog lumped ladder �lters are

simulated. Transformation from the analog to digital domain is

made with the bilinear (BL) transform.

� Lossless digital integrator �lters (LDIF's) by Bruton et al:

Voltages and currents of analog lumped ladder �lters are

simulated. Transformation from the analog to digital domain is

made with the Lossless Discrete Integrator/Lossless Discrete

Di�erentiator (LDI/LDD) transform.

Signell: "Design, Analysis and Implementation of ..." 3
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Introduction (cont):

This presentation gives an overviev of the design, analysis and

implementation of a new class of �lters:

� The Digital Ladder Filters (DLF's) by Signell et al:

Voltages and currents of equally terminated analog lumped

passive ladder �lters are simulated. Transformation from the

analog to digital domain is made with the bilinear (BL)

transform. Filter types include:

{ Lowpass, highpass, bandpass and bandstop �lters.

{ Allpass, lattice and state space versions.

{ Computationally fast lattice versions.

Signell: "Design, Analysis and Implementation of ..." 4
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Properties of equally terminated analog lumped

passive ladder �lters:

� Maximum transfer of power at the re
ection zeroes.

� Low magnitude sensitivity to coeÆcient variations.

� Transmission zeroes are formed by simple series resonant/parallel

resonant circuits.

� Stable for all positive element values.

� Low noise.

Signell: "Design, Analysis and Implementation of ..." 5
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Digital Ladder Filter design:

The design approach presented here is based on matrix methods.

This facilitates design of a large variety of �lters. Based on the odd

order lowpass �lter, other �lter types can be obtained by adding

integrator loops:

� Even order lowpass �lters

� Bandpass �lters

� Highpass �lters

� Bandstop �lters

� Allpass �lters

Signell: "Design, Analysis and Implementation of ..." 6
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Odd order lowpass �lters:

Step 1: Write the hybrid equations for the prototype �lter:

. . .

V Voutpin

r1

rn

L L L

L L

1

2

3

n-1

Lnn-2

C C2 n-1(n-1)pV V2p

1pI I3p (n-2)pI Inp

1pV

Prototype elliptic �lter
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Odd order lowpass �lters (cont):

Step 2: Transform to the z plane using the bilinear transformation:

s = 2fn
1� z�1

1 + z�1
;

fn =

1

2 tan(�fc=fs)

Signell: "Design, Analysis and Implementation of ..." 8
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Odd order lowpass �lters (cont):

/q~τ1 /qτ- 2 /q~τ3 /q~τn-2
τ /qn-1

n/q~τ

Vin

V2 X 3 X n-2 Vn-1 X n

X 2I1 I3 In-2 X n-1 In Vout

-r 1 -r n

κ-

κ-

κ-

κ-

X 1

rn
. . .

. . .

1 1 1 1

1 1

-

1 1

1+z

2τ 3

2τ 1

τn-1 n

τn-1 n-2

Non-realizable odd order lowpass DLF.
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Odd order lowpass �lters (cont):

Step 3: Eliminate the delay-free loops.

~τ1 /q~τ3 /q~τn-2
τ /qn-1

n/q~τ

Vin

I1 I3 In-2 In Vout

X 3
’ X n-2

’ X n
’Vn-1V2X 1

’

/qτ/q

2

. . .

. . .

1 1 1 1

1 1

-

1 1

1+z

’ ’
’

’

1

-1-1

γ γ

γ γ

X 2

2

X n-1

n-1

n-1

2-

-

-

-

-

SFG obtained by Forward Elimination (FE)
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Odd order lowpass �lters (cont):

In the �gures, q and ~q represent integrators:

z-1 z-1

1/q = z/(z-1)1/q = 1/(z-1)

11

~

BDFD

FD = Forward Di�erence (Delay) BD = Backward Di�erence (Delay)

Signell: "Design, Analysis and Implementation of ..." 11
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Even order lowpass �lters:

Write the additional equation for an added capacitance and a

transformer. Transform to the z-plane, rearrange and eliminate the

delay-free loops.

C

rn

rn n+1C

. . .
L

Ln-1

Lnn-2

n-1(n-1)pV

(n-2)pI Inp

. . .

Voutp1

:1

(n+1)pV

Even order prototype LP �lter.

Insertion of the ideal transformer gives jHmaxj = 1=2 and no

quantization DC shift.

Signell: "Design, Analysis and Implementation of ..." 12
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Two times odd order bandpass �lters:

Transform the standard bandpass ladder �lter into the following

structure. Follow similar steps as for odd order lowpass �lters.

Ln-1

Cn-1(n-1)pV

Ln Inp

Cn+1

. . .

Vin

r1
L L

L

1

2

3

C2V2p

1pI I3p

. . .

k : 1

V(n+1)p Vrn outp

Two times odd order prototype bandpass �lter
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Two times even order bandpass �lters:

Add an inductance and a capacitance to the two times odd order

bandpass �lter. Follow similar steps as for even order lowpass �lters.

V(n+1)p

rnCn+1

rnCn+3

I(n+2)p

k  r  : 1n

(n+3)pV Voutp=

rnLn /

rn
Ln+2

Inp. . .

. . .

1

Two times even order prototype bandpass �lter.

Signell: "Design, Analysis and Implementation of ..." 14
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Highpass �lters:

Substitute z ! �z, and fn !

1
4fn

in any lowpass �lter.

Bandstop �lters:

No structural bandstop �lters have been found yet!

However, power complementary bandstop �lters can be used, see

below.

Signell: "Design, Analysis and Implementation of ..." 15
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Power complementary �lters:

De�ne the re
ected voltage:

Vrp = V1p �
Vin

2
:

Feldtkeller's equation gives

jHr(j!)j
2 =

8<
: 1� r1

rn
jH(j!)j2; rn 6= 0

1; rn = 0

where rn is the termination resistance.

Signell: "Design, Analysis and Implementation of ..." 16
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Power complementary �lters (cont):

For rn 6= 0:

� Lowpass �lter ! power complementary highpass �lter

� Bandpass �lter ! power complementary bandstop �lter

For rn = 0:

� Any �lter ! power complementary allpass �lter

Signell: "Design, Analysis and Implementation of ..." 17
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Power complementary �lters (cont):

The re
ected voltage { i.e. power complementary output { can be

obtained in the basic structure as follows:

V

V Vout

in

r I I1 n

X 1’
1

1
1

-1

BDLF

1

Power complementary output.

Power complementary �lters should be used for all �lters with a

normalized bandwidth fc=fs > 0:25.

Signell: "Design, Analysis and Implementation of ..." 18
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Ladder �lter analysis:

Four test �lters have been designed. They are compared to the

corresponding WDF's with respect to:

� Transfer function magnitude sensitivity.

� Transfer function magnitude with quantized coeÆcients.

� Max. passband ripple vs. cut-o� frequency.

� Limit cycles.

� Quantization noise.

Signell: "Design, Analysis and Implementation of ..." 19



BWRC seminar Aug 9, 1999'
&

$
%

Tested �lters

LP5 5th order elliptic lowpass, C050527

LP6 6th order elliptic lowpass, C061040

BP6 6th order elliptic bandpass, C035037

BP8 8th order elliptic bandpass, C041530

Note: All �lters have been L1 scaled.

Note: A normalized frequency � = f=fs is used.

Signell: "Design, Analysis and Implementation of ..." 20
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Filter data

LP5 LP6 BP6 BP8

�l { { 0.0102 0.2

�u 0.1 0.2 0.0269 0.21

AP 0.011 0.044 1.25 0.1

AS 52 56 29 42

Zeros 0.205 0.278 0.007 0.1935

0.275 0.323 0.0382 0.2167

Q-val. 0.82 0.59 1.85 23

3.0 1.4 5.9 23

5.4 5.9 66
66

Signell: "Design, Analysis and Implementation of ..." 21
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Realization examples:
z-1

z-1

z-1

z-1

z-1

z-1

Vout

Vin

1I 3I
5I

2V 4V

1/4

/4

-1/2

1.1028
1

1 1
0.7142

1/2 1/2

-0.2216-0.0806

1.0674

-1/2

111/21/2

-0.0806 -0.2216

-0.5965-0.5231

1

1

1 1

11 1

2

LP5: DLF/BE realization.
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Realization examples (cont):

D

D

D

D

D

D D

γ1
(2) γ3

(5)γ1
(1) γ1

(3) γ3
(3) γ3

(4)

Vin Vout

γ3
(6) γ3

(7)

γ1
(2) γ1

(3)

γ3
(3)

γ1
(1)

γ3
(6)

γ3
(4)

γ3
(7)

γ3
(5)

-1-1

1 1

1111

=0.1232

=0.2332=0.5794

=0.3113 =0.1428 =0.2216

=0.3591

=0.3428

1/2

2

1/2

2

1

1

1

1

4

1/4

1111

1

1
LP5: Ladder WDF realization.
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Magnitude sensitivity:

We analyze the sensitivity sum: S(�) =
PN

j=1
���@jH(�)j

@mj

��� :
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LP5: Sensitivity sum. LP6: Sensitivity sum.
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CoeÆcient quantization:

� CoeÆcients are rounded to the nearest quantized value.

� Quantization to 10 bits, 1 bit to the left and 9 bits to the right of

the binary point.
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BP6: 10 bits quantization, passband BP8: 10 bits quantization, passband.
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Maximum passband ripple vs cut-o� frequency:
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LP5 DLF/FE with 10 bits quantization. LP5 WDF with 10 bits quantization.

Note: In this test, the �lters have not been scaled.

Note: The DC shift for WDF's is disregarded in this analysis.

Signell: "Design, Analysis and Implementation of ..." 26
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Stability and Lyapunov functions:

� The passive prototype �lters are stable for all positive element

values. This implies that DLFs are not unconditionally stable

but will have excellect stability properties. This is important

for adaptive applications.

� The energy stored in the reactive components of the passive

prototype represents a Lyapunov function. The bilinear

transformation preserves the Lyapunov function:

E(n) =

X
jodd

Lji
2

j (n) +

X
jeven

0:5Cj(vj(n) + vj(n� 1))2 +

X
jeven

Lj(ij�1(n)� ij+1(n))
2:

Signell: "Design, Analysis and Implementation of ..." 27
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Limit cycles:

In simulations, no limit cycles (zero-input or over
ow) were detected,

if
1. The multiplier in each integrator arm is put before the integrator

in the direction of signal 
ow.

2. Magnitude truncation is used after each adder where one or

more of the incoming signals is the result of a multiplication.

3. Saturation arithmetics are used.

Note: In some cases absolute magnitude truncation is needed for

selected adders to eliminate a remaining DC-level at the output.

Signell: "Design, Analysis and Implementation of ..." 28
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Quantization noise:

A total noise gain measure is obtained as follows:

G =

NX
j=1

Z 1=2

�1=2
jHjy(�)j
2d� =

NX
j=1

1X
n=0

h2jy(n)

where Hjy is the transfer function from node j to the output.

Total Noise Gains

TNG (dB) LP5 LP6 BP6 BP8

DLF/FE 14.1 22.6 24.5 30.0

Ladder WDF 21.4 22.9 56.0 40.0

Lattice WDF 21.4 { 51.3 {

Cascade-form 16.0 18.6 51.3 28.3

Signell: "Design, Analysis and Implementation of ..." 29
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Allpass and lattice DLF's:

The sum of two properly designed allpass �lters forms an odd-order

lowpass/highpass �lter or a two times odd order bandpass/bandstop

�lters.

HP (BS)

AP1

AP2

LP (BP)

Signell: "Design, Analysis and Implementation of ..." 30
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Properties:

� Canonic number of multipliers.

� Low passband sensitivity () short multiplier wordlengths).

� High stopband sensitivity (method not applicable to analog

�lters).

� Allpass �lters often implemented using wave digital techniques.

� (Not to be confused with Gray{Markel lattices.)

Signell: "Design, Analysis and Implementation of ..." 31



BWRC seminar Aug 9, 1999'
&

$
%

Derivation of Allpass/Lattice DLF's:

Original structure: Doubly-terminated ladder network consisting

of alternating delayed and non-delayed integrators 1=eq = 1=(z � 1)

and 1=q = z=(z � 1):

~τ1 /q~τ3 /q~τn-2
τ /qn-1

n/q~τ

Vin

I1 I3 In-2 In Vout

X 3
’ X n-2

’ X n
’Vn-1V2X 1

’

/qτ/q

2

. . .

. . .

1 1 1 1

1 1

-

1 1

1+z

’ ’
’

’

1

-1-1

γ γ

γ γ

X 2

2

X n-1

n-1

n-1

2-

-

-

-

-

Odd-order lowpass ladder LDI �lter.
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Step 1: Add a power complementary output to the left edge:

jHcompj
2 = 1� jHj2

V

V Vout

in

r I I1 n

X 1’
1

1
1

-1

BDLF

1

Step 2: Remove the \resistor" on the right edge ) �lter becomes

singly terminated ) Hcomp =allpass.

Step 3: Being an allpass �lter, it is fully determined by a canonic

number of multipliers. ) The branches interconnecting the delayed

integrators are redundant and can be removed.

Signell: "Design, Analysis and Implementation of ..." 33
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Example:

...

1+z-1 z-1

z-1

z-1

z-1

z-1

1
(1)

2
(1)

Vin

Vout1

...

...

...1 1 1

1

1

1

1

1

1

1

-1/2

1/2

-1

-1

1

τ

τ

τ

τ

τ

Odd-order
AP

Even-order
AP

(LP)

1

1

(1)

(2)

n

m

1
(2)

1

Odd order lowpass lattice DLF.
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Lattice �lter design procedure:

1. Solve the approximation problem. H(z) = N(z)=D(z). ai are the

coeÆcients of the denominator polynomial.

Note: All classical �lter types, Butterworth, Chebyshev, elliptic, ...

can be described as a sum of two allpass �lters.

2. Split the pole polynomial in two parts. Allocate every second

pole pair to the corresponding polynomials, see [5]..

3. Form the denominator polynomials for the two allpass �lters,

with coeÆcients a
(k)

i ; i = 1; 2; : : : ; N (k); k = 1; 2.

N (1) +N (2) = N is the total �lter order.

Signell: "Design, Analysis and Implementation of ..." 35
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Allpass �lter design procedure:

For each allpass �lter, k = 1; 2 do:

1. Calculate c
(k)

i =
Pi

j=1
�N(k)�j

N(k)�i
�

a
(k)

i +
�
N(k)

N(k)�i
�

; i = 1; 2; : : : ; N (k)

2. Compute �
(k)

i according to the table given in reference [5].

Signell: "Design, Analysis and Implementation of ..." 36
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Direct Implementation of the SFG:

Using Processing elements (PE's)
i

Q
τi

(j)

PE
j

T

T T

PE

PE

T T

-

PE

PE ...

...

...

...

Vout2

1

2

2

2

1

1
1

2

Vin

-

-

Most of the arithmetics can be implemented with

add{multiply{add{quantize processing elements.

Signell: "Design, Analysis and Implementation of ..." 37
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Direct Implementation of the SFG (cont):

� Structure of high regularity.

� Number of PEs reduced by time-sharing: (N + 1)=2 (N=�lter

order).

� Critical path: 2 multipliers & 4 adders ) same complexity as

lattice circulator WDF's.

� Estimated maximum sampling rate for TI TGC3000t: 20 MHz

independent of �lter order.

Signell: "Design, Analysis and Implementation of ..." 38
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State-Space Implementation:

x(n+ 1) = Ax(n) +Bvin(n)

vout(n) = Cx(n)

A =

0
BBBBBBBBBBB@
�1 �12 �12 0 0 � � �

1 1 1 0 0 � � �

�23 �23 �2 �34 �34 � � �

0 0 1 1 1 � � �

0 0 �45 �45 �3 � � �

...

...

...

...

...

. . .
1

CCCCCCCCCCCA

B = ( �1 0 0 � � � )T

C = (1 0 0 � � � )

Signell: "Design, Analysis and Implementation of ..." 39
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State-Space Implementation (cont):

Using Sum of Products (SoP's)

ROM

x
x

x

1
2

N

SoP
SoP

SoP
SoP

1
2

N
vout

inv

. .
 .

. .
 .

out

1+z-1

RAM PEs

Coeff.
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State-Space Implementation (cont):

� Bene�ts:

+ Totally parallel algorithm (critical path 1 multiplier).

+ Estimated maximum sampling rate 40 MHz, for TI TGC300t.

� Drawbacks (compared to SFG):

{ More multipliers required.

{ Larger chip area.

Signell: "Design, Analysis and Implementation of ..." 41
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Step 4: Drawback of structure from Step 3: Two multipliers in

critical loop. Solution: \pull out" the multipliers:

...

1+z-1 z-1

z-1

z-1

z-1

z-1

Vin

Vout

α1
(2)

α2
(2)

α3
(1)

α2
(1)

α1
(2)

α1
(1)

2
(1)

τ 3
(1)

τ

τ2
(2)

2
(1)

(2)

...

...

...1

1

1

1

1

11

-1/2

1/2

-1

-1

1

α2 α3
(1) (1)(1)α1

1 1

1

1

1

1

1

=

=

=

=

τ3=α2
(2)

τ1
(2)

τ1

τ1τ
(1)

(1)

One multiplier in critical loop.
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Step 5: Exchange delayed and non-delayed multipliers. (Removes

the extra input-to-output delay.) Final allpass structure:

out

z1+ -1vin α1 - α3

v1

α2-

z-1
z-1 z-1

v

...

1 1-1 2 1

- α4

1

1
1

1 1 1
-1

...

Note: Dots=adders, rings=over
ow nonlinearities.

�i are given by: �
(k)

i = �
(k)

i �
(k)

i�1; i = 1; 2; : : : ; N (k), with �0 = 1 and

k = 1; 2.
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Freedom of over
ow limit cycles:

�i + �i+1 < 2; i = 1; 3; 5; : : :

This criterion is easily generalized to scaled �lters, see reference [10].

Remark 1: Saturation arithmetics is a requirement for stability.

� Saturation arithmetics require little extra HW and reduces the

error at the �lter output.

� Also required for stability of second-order direct-form �lters.

� WDF's and Gray{Markel lattices are among the only �lters that

can use wrapping arithmetics without risking over
ow limit

cycles.
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BWRC seminar Aug 9, 1999'
&

$
%

Freedom of over
ow limit cycles (cont):

Remark 2: The criterion tends to exclude pole con�gurations in the

left half-circle of the z plane. However, as the result also holds for

transformed �lters: z ! �z, this enables stable �lters with left

half-circle poles.
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Noise comparison of lattice DLF's and lattice

WDF's:

Relative noise gain, GLDLF=GLWDF, for second order allpass �lters:
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Future research:

� Structural bandstop DLF's.

� Design using symmetric prototypes.

� Lossy structures, arbitrarily placing of zeroes.

� Adaptive applications.

� State space realizations.

� EÆcient architectures for interpolation and decimation.

� Implementation aspects.

� Analytical proof of over
ow and granularity limit cycle freedom.

� Analytical results on sensitivity and quantization noise.
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