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Abstract

This paper studies multi-dimensional optimization at
both circuit and micro-architecture levels. By formulating
and solving the optimization problem with conflicting de-
sign objectives and multiple tunable knobs, it is revealed
that the ’sensitivity balance’ strategy proposed in recent
works for performance-energy optimization is a special
case of a general multi-dimensional optimization frame-
work. The results derived in this paper help the understand-
ing of efficient trade-off among multiple design objectives
with multiple knobs. The example of an industrial control
logic implemented in PLA shows 22% energy saving and
70% area reduction at the expense of 4% delay increase.

1 Introduction

Integrated circuit (IC) design has seen major changes
over the past few decades. For a very long time circuit speed
and area are the only concerns in optimization [6, 4, 14]. As
technology scales down, power consumption shows itself as
a non-negligible, or even a major consideration that must be
included across the design paradigm [2, 7]. The trade-off re-
lationship between energy and delay is well known and the
product of the two (E'D P, or energy-delay product) is often
adopted as a figure of merit. However, besides the question
whether ED or ED™(n>1) is more appropriate, none of
these provides insight for designers as how or whether de-
signers can further improve the design, thus they cannot be
directly used in optimization.

Energy performance optimization frameworks are pro-
posed in recent works [10, 13, 1, 18, 17, 11]. Although
they target different design levels and different knobs are
chosen, their results share some very interesting similarity
in that all get to the conclusion that optimal design points
are reached when sensitivities for different knobs are ’bal-
anced’. The intuition is that if the sensitivity of one knob
is larger than others, it’s always possible to improve the de-
sign by changing the knob with larger sensitivities, keep-
ing energy/delay constant while reducing the other. Here
’knob’ means a tunable circuit parameter. These works are
reviewed in section 2.

A major drawback of all methods mentioned heretofore
is that their limitation to two dimensional optimization, i.e.,
performance and energy trade-off. However circuit design

is constantly becoming more complex, with more design
objectives and constraints, such as area, delay, energy, leak-
age power, throughput, etc. On the other hand, technol-
ogy improvement provides designers with greater freedom
by offering more knobs like multiple voltage supply do-
mains, multiple threshold voltages, multiple clock islands,
and even post-process tuning. Therefore two dimensional
optimization is insufficient in fully exploring this convo-
luted design space. To answer this challenge, in this paper
we will reveal the underlying theoretical principle which ex-
plains the similarity of existing works. The idea of ’sensi-
tivity balance’ is demystified when it is shown to be a spe-
cial case of our multi-dimensional result, which provides
both designers and CAD tools a general approach for multi-
objective-multi-knob design. The same framework applies
to both circuit and micro-architectural level optimization.
The rest of this paper is organized as follows. The next
section provides some background on sensitivity balance in
energy-performance optimization. Section 3 reveals the op-
timization principle in multi-dimensions and discusses its
application in different scenarios. Section 4 demonstrates
experimental results that validate our analysis. Potential
pitfalls in sensitivity based optimization frameworks are
pointed out in section 5 and section 6 concludes the paper.

2 Sensitivity Balance

Works in [10, 13, 1, 18, 17, 11] all target performance-
energy optimization. However, instead of following the
traditional method to look for the point with the mini-
mum EDP(energy-delay product) or ED"(n>1), they de-
fine optimalpoints as those on the energy-delay Pareto
curve. Points on the Pareto curve all have such property
that improvement of one objective must entail deterioration
of the other. Pareto curve allows designers to pick differ-
ent optimal design points that meet with specified timing or
energy budgets with the confidence that there’s no room for
improvement for the other objective.

The concept of hardware intensity ) and voltage intensity
0 are introduced in [17, 18]:

_ DOE/on _ DOE/ov

~ EAD/onl, ~ EOoD/ovl,
By solving the problem of minimizing energy E(, 8) sub-
ject to the constant delay constraint F(n, ) = D, the au-
thors arrive at
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dD/on _ 0D/dv

0E/0n — OE/dv
Rearranging and plugging in (1), we end up with
n=0(v) 3)
or hardware intensity should be equal to voltage inten-
sity. This means at optimal design points, any marginal gain
of energy (delay) by tuning knobs should result in a same

amount of loss in delay (energy).
The authors in [10] defined the sensitivity of knob x as
OFE/0x

S, represents the amount of energy that can be traded
for delay by tuning variable x. Notice that while the ob-
jectives chosen in all those works are exactly the same,
i.e., energy(E) and delay(D), the knobs are 7, 6 in [17,
18] and Vgq(supply voltages), Vi (threshold voltages) and
W (transistor sizes) in [10, 13, 1] Yet all these works pro-
pose to balance sensitivities of all knobs.

The intuition behind sensitivity balance is that if the sen-
sitivity of one knob is larger than others, it’s always possi-
ble to improve the design by changing the knob with larger
sensitivities, keeping energy/delay constant while reducing
the other. A natural question arises as whether/how this so-
lution changes in higher dimensions. Intuitively a Pareto
curve evolves into a Pareto surface in three-dimensions and
a hyper-surface in higher dimensions. The marginal gain
and loss among objectives become complicated around op-
timal design points, and it’s even more difficult for design-
ers to tell how much room there exists to improve their de-
signs. Simply trading off one objective for the other as in
the two-dimensional case wouldn’t work as efficiently. In
the next section, we move into the multi-dimensions and
show that eq. (3) is actually a special case of a much more
general result.

3 Multi-dimensional Optimization

3.1 Typical Multi-dimenstional Case

In multi-dimensional case, a typical generalized circuit
or micro-architecture optimization problem can be formu-
lated as follows:

(@3]

minimize: Yo(zo, 1, T2, ..., Tn—1) (5)
subjectto: Yl(l’O,IELIEQ,...,xn,l) = i
Y2($07CC17$274..,{L'”,1) = C2
Yn—l(l’o,whxz,...,xn_l) = Ch_1

where Y is the minimization objective, Y7, Ys,...Y, _; are
objectives that either need to be minimized or meet certain
budgets (C1,Cs,...C,,—1) to meet with. They can be de-
lay, energy, area... etc. xg,x1,...T,—1 are circuit or micro-
architecture parameters that can be tuned by designers and
treated as knobs, including but not limited to supply voltage
Va4, the threshold voltage V;j, and transistor sizing .
Micro-architecture level optimizations often involve dis-
crete knobs such as pipeline stages, levels of parallelism,
cache sizes and associativity numbers. A discrete variable
called architectural complexity & is introduced in [17] for
handling discrete knobs. However, rounding optimization
results based on continuous knobs into integers can still give
reasonably optimized results as long as the design space is

well shaped, which is usually true for circuits. For sim-
plicity of discussion in this work we only consider circuit
level knobs such as V4, V3, and W. Also in the above for-
mulation the minimization objective Y, is arbitrarily chosen
from all the objectives, and it will be clear later that all these
objectives are equivalent no matter they serve as the mini-
mization goal or constraints.

To solve the above problem in eq. (5), we can follow the
Lagrange’s Theorem [3] for optimization to introduce the
Lagrange multipliers A1, g, ..., A,—1 and solve the follow-
ing equations:

0
— Yo+ MYi+ XYoo+ .+ A1V a) = 0
a$o
0
— Yo+ MYi+ Yo+ ...+ An1Yno1) = 0
8I1
0
Yo+ Yi+ XYoo+ ..+ AYu1) = 0
axnfl
Rearranging this equation array as a linear system of
)\1; )\23 cey )\nfl
Yy oY; Yy 1] Yy
dwp  Bmg " Bwg A1 dxo
+| | =0 6
Y, aY; OYn—1f| \,,_1 0Yy_1
Oxp_1 " Oxp_1 T Oz 1] O,

Notice that there are n equations with (n — 1) variables.
If any nontrivial solution exists for Aj, A, ..., A\,_1, the
augmented coefficient matrix has to be linearly dependent:

Yo Y; [2) £
Oxo Ozo dzo
e e =0 7)
aY(] BY; BYn,1
0xp—1 77 Oxp_1 7 Oxp_1

This reveals the property of optimal points in the gen-
eral multi-dimensional optimization scenario. Notice that
in multi-dimensional cases, if one can balance all sensitivi-
ties of objectives with respect to all knobs, equation (7) still
holds, but trying to balance the all these sensitivities as in
two dimensional cases [10, 13, 1, 18, 17] is apparently an
overkill. Equation (7) is an important and general result for
multi-dimensional optimization for digital systems, since
little assumption is made about the objectives and knobs.
An important observation is that although Y; and Y; (2 > 0)
are in the optimization goal and constraints respectively in
the problem formulation (5), they are totally interchange-
able in eq. (7). This is noticed previously in [10, 18, 4] too
and obviously holds in multi-dimensions. Finally, in order
to see how the multi-dimensional result reverts back to the
two dimensional case, consider the following problem:
minimize: E(Vyq, W) (8)

subject to: D(Vaga, W)= Do, Do >0 9)

where E is energy, D is delay or latency. Simply apply-
ing eq. (7) we get

OE 9D BQ/E g_E
oV, aV, — dd __ OW_
ot Bpt | =0 o 5 =55 (10)
ow oW OVia oW

which is equivalent to the optimization scheme in pre-
vious work [10, 13, 1]. If hardware intensity 1 and voltage
intensity 6 are chosen as chosen as knobs, we get the exactly
the same result as eq. (3) in [18, 17].
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3.2 Extension into Different Number of
Knobs and Objectives

In the problem formulation (5), the number of knobs
equals the number of objectives. This is rarely true in prac-
tice. We can always have more knobs to tune with less ob-
jectives. For example, while both works in [10, 18] have
energy and delay as objectives, there are three knobs V;,
Viq and W in [10] and three knobs 7, 6 and £ in [18]. For
simplicity, here we only discuss the cases where the num-
ber of knobs equals the number of objectives plus one and
similar conclusions can be drawn with even more knobs. In
this case, the problem is changed a little bit:

minimize: Yo(mo,ml,IQ,...,xn) (11)
subject to: Yi(wo, 1,22, .., 3) = C1
Yz(xo,xl,mz,.“,l‘n) = 02
Yn—1($07$17x27~-'7$n) = Cpna

where x,, is the extra knob. Following the same deriva-
tion in section 3.1, we need to solve

oy ov; chis [ ovy
oz dxq BED) 1 EED)
o e — | =012
% & 3Y“,1 An71 alefl
Oxp Oz, Oxp Oxp

Now we end up with (n + 1) equations with (n — 1)
variables. If any non-trivial solution exists, the coefficient
matrix picked from any n rows in the augmented matrix has
to be linearly dependent. Now let’s consider the scenario
in [10].

minimize: EVaa, W, Vir) (13)
subject to: D(Vaq, W, Vin) = Do, Do >0 (14)
Following the above discussion, we should have
OFE oD OE oD
G)Y vV, _ WV OV | —
B G | = 0, and 1o o | =0
oW oW oW oW
Which leads to (15)
OE oF OE OE
OVaa _ W OVin _ W
ob — oD and 55~ = oD (16)
OVia ow WVin oW
o A7y oz
of T = o = 3% (17)
Vg Vi, oW

This explains why the principle of ’sensitivity balancing’
is still valid in two dimensional cases with multiple knobs.
However, with the increase of dimension we will have to
watch for several equations like (7) before we can assert an
optimal point.

On the other hand, if the objective number is larger than
than the number of knobs, the optimization problem (5) is
no longer valid since all knobs can be readily determined
from those constraints.

3.3 Extension into Inequality Constraints

In the problem formulation (5), all constraints are equa-
tions. While this is useful when objective budgets are spec-
ified, or one wants to obtain particular points on the Pareto
curve or surface. Oftentimes the constraints are inequalities
which only specify upper or lower bounds of circuit param-
eters to be obtained. Since lower bounds can be converted

into upper bounds simply by multiplying minus one, we can
assume all inequality constraints are upper bounds, and the
optimization problem (5) becomes:

minimize: Yo(wo, 21,2, ..., Tn—1) (18)
SUbjeCttO: Y1($0,:E1,:E2,...,xn71) = 1
Yg(io,xl,xz,...,wn_l) = 02
Yim—1(zo, 21,22, ..., xn-1) = Cm-1
Ym(l‘o,l‘hl‘zw..,mnfﬂ S Cm

Yo_1(zo, 1,22, ..., 2n-1) < Ch1

The Karush-Kuhn-Tucker Theorem [3] can be readily
applied in this kind of optimization problems. Due to the
limited space here we won’t elaborate the derivation here.
The major idea is the same as shown in section 3.1. If the
objectives are equal to or less than the number of knobs,
conclusions very similar to (7) and (15) can be drawn. How-
ever, in cases with inequality constraints, it’s still a legiti-
mate optimization problem even when the number of con-
straints is larger than the number of knobs, in which case
the optimization framework proposed here can no longer be
used directly.

Finally, all the conditions derived from Lagrange or
Karush-Kuhn-Tucker Theorem are necessary but not suf-
ficient conditions. Moreover, local optimal points may be
mistakenly identified as points on the Pareto curve/surface.
However, it was observed that circuit performance are usu-
ally well behaved in feasible design space [12].

4 Experimental Results

In order to validate our results on general multi-
dimensional optimization, we tested two circuits. In our ex-
periments we try to choose various knobs to demonstrate the
versatility of our multi-dimensional optimization result (7)
as well as some special cases. Since the results are used to
demonstrate the theory, we limit the dimension within three
in order to illustrate the ideas by figures. While formula for
power, delay and leakage are provided in [10], we follow [4]
and choose simulation based sensitivity computation as a
more general and accurate approach. Nonetheless, in prac-
tice designers can always apply available formula to get an
initial point followed by a simulation based optimization.
Good initial points guide optimization in feasible regions
and facilitate faster convergence.

4.1 An Inverter Chain

The first circuit is a five stage inverter chain designed
in Berkeley PTM 70nm technology shown in fig. 1. First
we choose transistor sizing and the supply voltage as knobs
and watch for energy-delay trade-off, which is a two dimen-
sional case. However instead of tuning each transistor size
as done in [1], we fix the ratioof W2 : W3 =1 : 4 and use
W2 as one knob, while keeping W1, W4, W5 fixed. This
imitates the real case when the optimization is applied hi-
erarchically - the low level parameters are either chosen by
designers based on expertise or by transistor sizing tools,
and the block is inserted into a higher level block for op-
timization, and so on. Fig. 2 shows the data points when
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varying the two knobs. The color of each data point cor-
responds to the determinant in (7) at that point. The gray
scale color is composed such that the darker color a point
has, the smaller determinant that design point is associated
with. Referring to eq. (10), smaller determinants indicate
the sensitivities of the two knobs are more balanced, and
vice versa. As discussed previously, the choice of knobs
won’t change the optimization framework.

By removing the fixed ratio of W2 and W3 and intro-
ducing area (A) as an extra objective, we move onto three-
dimensional cases. By sweeping of all the three knobs re-
spectively, we obtain a three dimensional plot showing the
pattern of determinants, as in Fig. 3. Indeed this circuit
is pretty friendly to optimization. A simple gradient based
scheme should be able to converge onto the Pareto surface
without much trouble.

Figure 1. A five stage inverter chain

x107

3
delay -10

Figure 2. A two dimensional case: V4 and W as knobs
and F and D as objectives.

energy

1

delay 9

Figure 3. A three dimensional case: Vyq, W2 and W3 as

knobs and F, D and A as objectives.

Now we examine a very common optimization case
which turns out to be quite interesting. This time we again
fix the ratio of W2 : W3 = 1 : 4, but introduce the thresh-

old voltage V;;, as one knob. This three dimensional prob-
lem has W, V44 and V;;, as knobs and delay (D), energy
(F) and area (A) as objectives. With this setting, the left
hand side of eq. (7) becomes

OF oD

e BB 88\/E aavD

v, ovy O |=| BE b (19)
ﬂ oD 4 OVin  OVin

oW oW

The reduction of matrix dimension comes from the fact
that V4 and V;;, has no effect on area. Therefore from
our optimization theory this three dimensional problem is
equivalent to a two dimensional one. A direct translation
of eq. (19) is: given a circuit that has achieved Pareto opti-
mum in terms of delay and energy by only tuning V44 and
Vi1, increasing or decreasing transistor sizing for all transis-
tors by the same ratio wouldn’t change its optimum. Thus
this kind of orthorgonization in the knobs can decouple the
tuning process with multiple knobs and reduce the complex-
ity of optimization. In reality there are always timing and
power constraints on designs. For example, lowering Vg4
results in delay increase which may call for transistor up-
sizing, since the range of V}; tuning is usually very lim-
ited. However based on the Pareto surface property, once
the timing requirement is met, no effort is needed on further
tuning the knobs since there’s no room for overall improve-
ment. A visualization of the above analysis is provided in
Fig. 4. The optimization in [9] is a more complicated exam-
ple of the same type. There a two dimensional optimization
is first performed with throughput and energy as objectives
and Vg4 and W as knobs, then the search goes in the third
dimension A by tuning the third mircro-architectural knob,
folding and interleaving. By holding energy and delay con-
stant the matrix is essentially decoupled, which makes this
optimization process valid.

4
3 «
o
g 2 ) )‘\\J
© ®on \
1 .\
6> \

2

energy 0 o 1 delay x10

Figure 4. Another three dimensional case: Vyq, Wand
Vi1, are knobs and F/, D and A are objectives.

4.2 A PLA Structured Control Logic

The second tested circuit is an industrial control logic
with 25 primary inputs, 20 product terms and 1 output, im-
plemented as a dynamic style programmable logic array
(PLA) circuit with two PLA planes and a final static gate
combining their outputs [15], designed in STMicroelectron-
ics 90nm technology. Again we choose E, D and A as
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objectives. The first knob is V4. The second knob is the
NMOS size in the AND plane of the PLA, which directly
affects the falling edge of the evaluation signal and is on the
critical path. The last knob is the PMOS size of clock-block
circuit which generates the OR plane clock by delaying the
clock in the AND plane. This sizing is also important in that
if the rising edge arrives too early, racing between the two
planes may happen and the prechanged dynamic nodes in
the OR plane are discharged by mistake. On the other hand
a slow rising edge leads to unnecessary delay. The sweep-
ing result is shown in fig. 5, where all the data points are
normalized with respect to the smallest data point. Again,
the determinants are smaller at better design points.

10\ pZ4

-
20 delay

Figure 5. An industrial control logic circuit implemented
as multiple dynamic PLA planes with static output stage.

>
g N pt1 (reference point)
c
o

4 6
delay

Figure 6. Points having similar area with pt1.

. P
< ;pt2 . \ pt1 (reference point)

1 2 3 4 5 6 7 8 9 10
area

Figure 7. Points having similar delay with pt1.

In particular, we pick a reference design point (pt1) at the
nominal voltage supply (one volt), and size transistors by
’rules of thumb’. The NMOS in the AND planes are sized
about twice as large as the input drivers, and the PMOS for
the clock generation circuit is intentionally upsized for a
fast rising edge. For better comparison, design points with
area, delay and energy within 7% of pt1 are collected and
plotted in Fig. 6, 7 and 8 respectively. The detailed design
parameters of those corner points are listed in Table 1. The

reference point happens to fall on the optimum curve in the
E-D trade-off in Fig. 6. However, it is suboptimal in the E-
A and D-A plots as can be seen from Fig. 7 and 8. Table 1
shows that we can either improve 22% in energy and 70% in
area with merely 4% increase on delay by moving to design
point pt2, or improve 18% in delay and 70% in area with
6% penalty in energy by moving to design point pt3. pt4 is
a design point close to the origin picked directly in Fig. 5. It
also has a small determinant shown in Table 1, confirming
its optimality.

delay
I N S N SR RS-

pt3 '_

pt1 (reference point)
1 2 3 4 5
area

Figure 8. Points having similar energy with ptl.

Notice that while the D-E and D-A plots in Fig. 6 and 8
show trade-off between two conflicting figures of merit,
we never have to trade between energy and area. This is
reflected in the distribution of data points in Fig. 7. In
such cases designers should simply pick the point closest
to the origin, which is the absolute optimum. When a trade-
off relationship exists, designers are constrained to design
specifications. Lower dimensional optimization essentially
yields projections from higher dimensional Pareto frontiers.
For example, the delay-energy efficiency curves in [10, 17]
are essentially the Pareto surface in Fig. 5 projected onto
the XY plane. However, any optimization based on the
projected curve is blind to the Z axis (in this case area), and
is subject to violation of design specifications. In compar-
ison, Fig. 6, 7 and 8 show the intersection of the volume,
which are more valuable given a particular design require-
ment, and can only be obtained through a multi-dimensional
optimization framework. With our results in this paper de-
signers are able to infer the optimality in the context of
multi-dimensions.

Table 1. Delay/energy/area comparison

[ [ knobI T knob2 T knob3 J[ delay | energy [ area || det |
ptl 1 35 43 1.5 1.55 352 1.41E-24
pt2 1 1 2.7 1.56 1.21 1.05 6.87E-25
pt3 1.2 1 2.7 1.23 1.65 1.05 6.89E-25
pt4 1.1 1 2.7 1.37 1.40 1.05 6.70E-25

5 Potential Pitfalls in Optimization

Although it seems straightforward to apply eq. (7) to cir-
cuit designs, as works in [16, 8, 9, 5, 11] with sensitivity
balance eq. (3), some special care should be taken in this
kind of sensitivity based optimization.

First, in all figures 3, 4 and 5 our sweeping were not
able to yield points with small determinants on the large-
delay-low-energy side. This is due to the smallest transistor
sizing limited by the technology. The large determinants
indicate that although on the boundary of the design space,
those points are not on the theoretical Pareto curve, where
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determinants should diminish. This implies the failure of
any optimizer whose convergence criterion solely relies on
the magnitude of determinants (7).

Next, we project all the data points in Fig. 5 onto the D-
E plane, which reverts back to the two dimensional energy-
performance optimization, to get Fig. 9. Then we replace
energy with power, repeat this step and end up with Fig. 10.
An immediate observation is that for these two objectives
the boundary design points (e.g., design points ptb, pt6,
pt7) remain the same, which is intuitive as the energy at
each data point is obtained by multiplying power and delay,
but this may not be true in general, and the choice of objec-
tives usually has a direct impact on the optimizing results.

10
delay

Figure 9. Delay-energy tradeoff for all points.

pt7

/a\m//a .......
15 20

delay

Figure 10. Delay-power tradeoff for all points.

Another observation is that the effective E-D trade-off
region is smaller than the P-D trade-off region. For exam-
ple, although pt7 in Fig. 10 may be interesting to designers
with loose delay constraints but stringent power budgets, it
should never be chosen when energy supplants power as the
figure of merit, since under these objectives pt6 is always
superior from Fig. 9.

Sometimes with certain knobs and objectives it is pos-
sible that the sensitivity values are positive when all sensi-
tivities defined in eq. (4) are balanced. These points should
always be discarded since they are similar to pt7 in Fig. 9
in the sense that all objectives increase or decrease at the
same time, thus the design can always be further improved.
Although it may not be obvious from the view of sensitivity
balancing, it’s quite clear from our derivation in section 3.1
that this problem arises from the equality constraint in (5).
In the two dimensional case (8), sensitivity balance only
yields a minimized E' under a certain D, without knowing
whether a trade-off exists. Furthermore, in the inequality
constraint case discussed in section 3.3, the KKT theorem
is only necessary but not sufficient. Therefore, designers
should always check negativity of sensitivity values or im-
pose it as a constraint in sensitivity balance. Nonetheless,

these points are usually quite far from the effective trade-
off region and design points obtained from experience, good
rules of thumbs or CAD tools are usually close to the "knee’
area of Pareto curves. Starting from there would guide the
optimization in the correct direction.

6 Conclusion

In this work we revealed the underlying principle of
sensitivity balance and explained the similarity of research
works from different groups on energy-performance opti-
mization. It’s shown that the metric of ’sensitivity balance’
for optimum is only valid in two dimensions. A general
result that applies to arbitrary dimensions is derived with
its extension in different scenarios discussed. Applying the
proposed optimization theory, designers can introduce any
number of objectives that they care about and any num-
ber of knobs that are available for tuning. This result not
only helps designers to evaluate the optimality of differ-
ent design points, but also provides a guideline for CAD
tools targeting circuit optimization. Finally we demon-
strated the optimization theory with two test circuits in var-
ious situations. Some potential pitfalls in such sensitivity
based optimization frameworks are pointed out. Due to its
flexibility, this optimization framework can be adapted for
micro-architectural level and analog circuits with appropri-
ate modifications.
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